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■♥ &❤❡ ❧❛*& ✶✺ ②❡❛$*✱ &❤❡ ♣❛$❛❞✐❣♠ ♦❢ >✉❛❧✐&❛&✐✈❡ ❞❡❝✐*✐♦♥ &❤❡♦$② ❤❛* ❡♠❡$❣❡❞ ✐♥
❆$&✐✜❝✐❛❧ ■♥&❡❧❧✐❣❡♥❝❡ ✐♥ ❝♦♥♥❡❝&✐♦♥ ✇✐&❤ ♣$♦❜❧❡♠* *✉❝❤ ❛* ✇❡❜♣❛❣❡ ❝♦♥✜❣✉$❛&✐♦♥✱ $❡❝✲
♦♠♠❡♥❞❡$ *②*&❡♠*✱ ♦$ ❡$❣♦♥♦♠✐❝* ✭*❡❡ ❬✶✾❪✮✳ ■♥ *✉❝❤ &♦♣✐❝*✱ >✉❛♥&✐❢②✐♥❣ ♣$❡❢❡$❡♥❝❡ ✐♥
✈❡$② ♣$❡❝✐*❡ &❡$♠* ✐* ❞✐✣❝✉❧& ❜✉& ♥♦& ❝$✉❝✐❛❧✱ ❛* &❤❡*❡ ♣$♦❜❧❡♠* $❡>✉✐$❡ ♦♥✲❧✐♥❡ ✐♥♣✉&*
❢$♦♠ ❤✉♠❛♥* ❛♥❞ ♠✉*& ❜❡ ♣$♦✈✐❞❡❞ ✐♥ ❛ $❛&❤❡$ *❤♦$& ♣❡$✐♦❞ ♦❢ &✐♠❡✳ ❆* ❛ ❝♦♥*❡>✉❡♥❝❡✱
&❤❡ ❢♦$♠❛❧ ♠♦❞❡❧* ❛$❡ ❡✐&❤❡$ ♦$❞✐♥❛❧ ✭❧✐❦❡ ✐♥ ❈I✲♥❡&*✱ *❡❡ ❬✹❪✮ ♦$ >✉❛❧✐&❛&✐✈❡✱ &❤❛& ✐*✱
❜❛*❡❞ ♦♥ ✜♥✐&❡ ✈❛❧✉❡ *❝❛❧❡*✳ ❚❤✐* ♣❛♣❡$ ✐* ❛ ❝♦♥&$✐❜✉&✐♦♥ &♦ ❡✈❛❧✉❛&✐♦♥ ♣$♦❝❡**❡* ✐♥ &❤❡
✜♥✐&❡ ✈❛❧✉❡ *❝❛❧❡ *❡&&✐♥❣ ❢♦$ ❉▼❯ ❛♥❞ ▼❈❉▼✳ ■♥ *✉❝❤ ❛ >✉❛❧✐&✐❛&✐✈❡ *❡&&✐♥❣✱ &❤❡ ♠♦*&
♥❛&✉$❛❧ ❛❣❣$❡❣❛&✐♦♥ ❢✉♥❝&✐♦♥* ❛$❡ ❜❛*❡❞ ♦♥ &❤❡ ❙✉❣❡♥♦ ✐♥&❡❣$❛❧✳ ❚❤❡♦$❡&✐❝❛❧ ❢♦✉♥❞❛✲
&✐♦♥* ❢♦$ &❤❡♠ ✭✐♥ &❤❡ *❝♦♣❡ ♦❢ ❉▼❯✮ ❤❛✈❡ ❜❡❡♥ ♣$♦♣♦*❡❞ ✐♥ &❤❡ *❡&&✐♥❣ ♦❢ ♣♦**✐❜✐❧✐&②
&❤❡♦$② ❬✷✻❪✱ ❛♥❞ ❛**✉♠✐♥❣ ❛ ♠♦$❡ ❣❡♥❡$❛❧ $❡♣$❡*❡♥&❛&✐♦♥ ♦❢ ✉♥❝❡$&❛✐♥&② ❬✷✺❪✳ ❚❤❡ *❛♠❡
❛❣❣$❡❣❛&✐♦♥ ❢✉♥❝&✐♦♥* ❤❛✈❡ ❜❡❡♥ ✉*❡❞ ✐♥ ❬✸✷❪ ✐♥ &❤❡ *❝♦♣❡ ♦❢ ▼❈❉▼✱ ❛♥❞ ❛♣♣❧✐❡❞ ✐♥
❬✸✹❪ &♦ ❡$❣♦♥♦♠✐❝*✳ ■♥ &❤❡*❡ ♣❛♣❡$* ✐& ✐* ❛**✉♠❡❞ &❤❛& &❤❡ ❞♦♠❛✐♥* ♦❢ ❛&&$✐❜✉&❡* ❛$❡ &❤❡
*❛♠❡ &♦&❛❧❧② ♦$❞❡$❡❞ *❡&✳
■♥ &❤❡ ❝✉$$❡♥& ♣❛♣❡$✱ ✇❡ $❡♠♦✈❡ &❤✐* $❡*&$✐❝&✐♦♥✱ ❛♥❞ ❝♦♥*✐❞❡$ ❛♥ ❛❣❣$❡❣❛&✐♦♥ ♠♦❞❡❧
❜❛*❡❞ ♦♥ ❝♦♠♣♦*✐&✐♦♥* ♦❢ ❙✉❣❡♥♦ ✐♥&❡❣$❛❧* ✇✐&❤ >✉❛❧✐&❛&✐✈❡ ✉&✐❧✐&② ❢✉♥❝&✐♦♥* ♦♥ ❞✐*&✐♥❝&
❛&&$✐❜✉&❡ ❞♦♠❛✐♥*✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❙✉❣❡♥♦ ✉&✐❧✐&② ❢✉♥❝&✐♦♥❛❧*✳ ❲❡ ♣$♦♣♦*❡ ❛♥ ❛①✐♦♠❛&✐❝
❛♣♣$♦❛❝❤ &♦ &❤❡*❡ ❡①&❡♥❞❡❞ ♣$❡❢❡$❡♥❝❡ ❢✉♥❝&✐♦♥❛❧* &❤❛& ❡♥❛❜❧❡* &❤❡ $❡♣$❡*❡♥&❛&✐♦♥ ♦❢
♣$❡❢❡$❡♥❝❡ $❡❧❛&✐♦♥* ♦✈❡$ ❈❛$&❡*✐❛♥ ♣$♦❞✉❝&* ♦❢✱ ♣♦**✐❜❧② ❞✐✛❡$❡♥&✱ ✜♥✐&❡ ❝❤❛✐♥* ✭*❝❛❧❡*✮✳
❲❡ ❝♦♥*✐❞❡$ &❤❡ ❝❛*❡* ✇❤❡♥ ✐♠♣♦$&❛♥❝❡ ✇❡✐❣❤&* ❜❡❛$ ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❛&&$✐❜✉&❡* ✭&❤❡
✐♠♣♦$&❛♥❝❡ ❢✉♥❝&✐♦♥ ✐* &❤❡♥ ❛ ♣♦**✐❜✐❧✐&② ♦$ ❛ ♥❡❝❡**✐&② ♠❡❛*✉$❡✮✱ ❛♥❞ &❤❡ ❣❡♥❡$❛❧ ❝❛*❡
✇❤❡♥ ✐♠♣♦$&❛♥❝❡ ✇❡✐❣❤&* ❛$❡ ❛**✐❣♥❡❞ &♦ ❣$♦✉♣* ♦❢ ❛&&$✐❜✉&❡*✱ ♥♦& ♥❡❝❡**❛$✐❧② *✐♥❣❧❡&♦♥*✳
❲❡ *&✉❞② &❤✐* ❡①&❡♥❞❡❞ ❙✉❣❡♥♦ ✐♥&❡❣$❛❧ ❢$❛♠❡✇♦$❦ ✐♥ &❤❡ ❉▼❯ *✐&✉❛&✐♦♥ *❤♦✇✐♥❣ &❤❛&
✐& ❧❡❛❞* &♦ &❤❡ ❝❛*❡ ♦❢ *&❛&❡✲❞❡♣❡♥❞❡♥& ♣$❡❢❡$❡♥❝❡* ♦♥ ❝♦♥*❡>✉❡♥❝❡* ♦❢ ❛❝&*✳ ❚❤❡ ♥❡✇
❛①✐♦♠❛&✐❝ *②*&❡♠ ✐* ❝♦♠♣❛$❡❞ &♦ ♣$❡✈✐♦✉* ♣$♦♣♦*❛❧* ✐♥ >✉❛❧✐&❛&✐✈❡ ❉▼❯✿ ✐& ❝♦♠❡* ❞♦✇♥
&♦ ❞❡❧❡&✐♥❣ ♦$ ✇❡❛❦❡♥✐♥❣ &✇♦ ❛①✐♦♠* ♦♥ &❤❡ ❣❧♦❜❛❧ ♣$❡❢❡$❡♥❝❡ $❡❧❛&✐♦♥✳
❚❤❡ ♣❛♣❡$ ✐* ♦$❣❛♥✐③❡❞ ❛* ❢♦❧❧♦✇*✳ ❙❡❝&✐♦♥ ✷ ✐♥&$♦❞✉❝❡* ❜❛*✐❝ ♥♦&✐♦♥* ❛♥❞ &❡$♠✐♥♦❧✲
♦❣②✱ ❛♥❞ $❡❝❛❧❧* ♣$❡✈✐♦✉* $❡*✉❧&* ♥❡❡❞❡❞ &❤$♦✉❣❤♦✉& &❤❡ ♣❛♣❡$✳ ❖✉$ ♠❛✐♥ $❡*✉❧&* ❛$❡
❣✐✈❡♥ ✐♥ ❙❡❝&✐♦♥ ✸✱ ♥❛♠❡❧②✱ $❡♣$❡*❡♥&❛&✐♦♥ &❤❡♦$❡♠* ❢♦$ ♠✉❧&✐❝$✐&❡$✐❛ ♣$❡❢❡$❡♥❝❡ $❡❧❛&✐♦♥*
❜② ❙✉❣❡♥♦ ✉&✐❧✐&② ❢✉♥❝&✐♦♥❛❧*✳ ■♥ ❙❡❝&✐♦♥ ✹✱ ✇❡ ❝♦♠♣❛$❡ &❤✐* ❛①✐♦♠❛&✐❝ ❛♣♣$♦❛❝❤ &♦ &❤❛&
♣$❡✈✐♦✉*❧② ♣$❡*❡♥&❡❞ ✐♥ ❉▼❯✳ ❲❡ *❤♦✇ &❤❛& &❤✐* ♥❡✇ ♠♦❞❡❧ ❝❛♥ ❛❝❝♦✉♥& ❢♦$ ♣$❡❢❡$❡♥❝❡
$❡❧❛&✐♦♥* &❤❛& ❝❛♥♥♦& ❜❡ $❡♣$❡*❡♥&❡❞ ✐♥ ❉▼❯✱ ✐✳❡✳✱ ❜② ❙✉❣❡♥♦ ✐♥&❡❣$❛❧* ❛♣♣❧✐❡❞ &♦ ❛
*✐♥❣❧❡ ✉&✐❧✐&② ❢✉♥❝&✐♦♥✳ ❚❤✐* *✐&✉❛&✐♦♥ $❡♠❛✐♥* ✐♥ &❤❡ ❝❛*❡ ♦❢ ♣♦**✐❜✐❧✐&② &❤❡♦$②✳
❚❤✐* ❝♦♥&$✐❜✉&✐♦♥ ✐* ❛♥ ❡①&❡♥❞❡❞ ❛♥❞ ❝♦$$❡❝&❡❞ ✈❡$*✐♦♥ ♦❢ ❬✼❪ &❤❛& ✇❛* ♣$❡*❡♥&❡❞ ❛&
❊❈❆■✬✷✵✶✷✳
✷✳ ❇❛"✐❝ ❜❛❝❦❣(♦✉♥❞
■♥ &❤✐* *❡❝&✐♦♥✱ ✇❡ $❡❝❛❧❧ ❜❛*✐❝ ❜❛❝❦❣$♦✉♥❞ ❛♥❞ ♣$❡*❡♥& *♦♠❡ ♣$❡❧✐♠✐♥❛$② $❡*✉❧&*
♥❡❡❞❡❞ &❤$♦✉❣❤♦✉& &❤❡ ♣❛♣❡$✳ ❋♦$ ✐♥&$♦❞✉❝&✐♦♥ ♦♥ ❧❛&&✐❝❡ &❤❡♦$② *❡❡ ❬✸✺❪✳
✷✳✶✳  !❡❧✐♠✐♥❛!✐❡(✳ ❚❤$♦✉❣❤♦✉& &❤✐* ♣❛♣❡$✱ ❧❡& Y ❜❡ ❛ ✜♥✐&❡ ❝❤❛✐♥ ❡♥❞♦✇❡❞ ✇✐&❤
❧❛&&✐❝❡ ♦♣❡$❛&✐♦♥* ∧ ❛♥❞ ∨✱ ❛♥❞ ✇✐&❤ ❧❡❛*& ❛♥❞ ❣$❡❛&❡*& ❡❧❡♠❡♥&* 0Y ❛♥❞ 1Y ✱ $❡*♣❡❝&✐✈❡❧②❀
&❤❡ *✉❜*❝$✐♣&* ♠❛② ❜❡ ♦♠✐&&❡❞ ✇❤❡♥ &❤❡ ✉♥❞❡$❧②✐♥❣ ❧❛&&✐❝❡ ✐* ❝❧❡❛$ ❢$♦♠ &❤❡ ❝♦♥&❡①&❀
[n] ✐* *❤♦$& ❢♦$ {1, . . . , n} ⊂ N✳
●✐✈❡♥ ✜♥✐&❡ ❝❤❛✐♥* Xi✱ i ∈ [n]✱ &❤❡✐$ ❈❛$&❡*✐❛♥ ♣$♦❞✉❝& X =
∏
i∈[n]Xi ❝♦♥*&✐&✉&❡* ❛
❜♦✉♥❞❡❞ ❞✐*&$✐❜✉&✐✈❡ ❧❛&&✐❝❡ ❜② ❞❡✜♥✐♥❣
a ∧ b = (a1 ∧ b1, . . . , an ∧ bn), ❛♥❞ a ∨ b = (a1 ∨ b1, . . . , an ∨ bn).
■♥ ♣❛$&✐❝✉❧❛$✱ a ≤ b ✐❢ ❛♥❞ ♦♥❧② ✐❢ ai ≤ bi ❢♦$ ❡✈❡$② i ∈ [n]✳ ❋♦$ k ∈ [n] ❛♥❞ c ∈ Xk✱ ✇❡
✉*❡ xck &♦ ❞❡♥♦&❡ &❤❡ &✉♣❧❡ ✇❤♦*❡ i✲&❤ ❝♦♠♣♦♥❡♥& ✐* c✱ ✐❢ i = k✱ ❛♥❞ xi✱ ♦&❤❡$✇✐*❡✳
▲❡& f : X → Y ❜❡ ❛ ❢✉♥❝&✐♦♥✳ ❚❤❡ (❛♥❣❡ ♦❢ f ✐* ❣✐✈❡♥ ❜② ran(f) = {f(x) : x ∈ X}✳
❆❧*♦✱ f ✐* *❛✐❞ &♦ ❜❡ ♦(❞❡(✲♣(❡1❡(✈✐♥❣ ✐❢✱ ❢♦$ ❡✈❡$② a,b ∈
∏
i∈[n]Xi *✉❝❤ &❤❛& a ≤ b✱ ✇❡
❤❛✈❡ f(a) ≤ f(b)✳ ❆ ✇❡❧❧✲❦♥♦✇♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ♦$❞❡$✲♣$❡*❡$✈✐♥❣ ❢✉♥❝&✐♦♥ ✐* &❤❡ ♠❡❞✐❛♥
❢✉♥❝$✐♦♥ med: Y 3 → Y ❣✐✈❡♥ ❜②
med(x1, x2, x3) = (x1 ∧ x2) ∨ (x1 ∧ x3) ∨ (x2 ∧ x3).
✷✳✷✳ ❇❛"✐❝ ❜❛❝❦❣(♦✉♥❞ ♦♥ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝2✐♦♥" ❛♥❞ ❙✉❣❡♥♦ ✐♥2❡❣(❛❧"✳ ■♥ $❤✐0
0✉❜0❡❝$✐♦♥ ✇❡ 2❡❝❛❧❧ 0♦♠❡ ✇❡❧❧✲❦♥♦✇♥ 2❡0✉❧$0 ❝♦♥❝❡2♥✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝$✐♦♥0 $❤❛$ ✇✐❧❧
❜❡ ♥❡❡❞❡❞ ❤❡2❡✐♥❛❢$❡2✳ ❋♦2 ❢✉2$❤❡2 ❜❛❝❦❣2♦✉♥❞✱ ✇❡ 2❡❢❡2 $❤❡ 2❡❛❞❡2 $♦✱ ❡✳❣✳✱ ❬✶✽✱ ✷✽❪✳
❘❡❝❛❧❧ $❤❛$ ❛ ✭❧❛""✐❝❡✮ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ ♦♥ Y ✐0 ❛♥② ♠❛♣ p : Y n → Y ✇❤✐❝❤ ❝❛♥
❜❡ ♦❜$❛✐♥❡❞ ❛0 ❛ ❝♦♠♣♦0✐$✐♦♥ ♦❢ $❤❡ ❧❛$$✐❝❡ ♦♣❡2❛$✐♦♥0 ∧ ❛♥❞ ∨✱ $❤❡ ♣2♦❥❡❝$✐♦♥0 x 7→ xi
❛♥❞ $❤❡ ❝♦♥0$❛♥$ ❢✉♥❝$✐♦♥0 x 7→ c✱ c ∈ Y ✳
❆0 0❤♦✇♥ ❜② ●♦♦❞0$❡✐♥ ❬✷✼❪✱ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝$✐♦♥0 ♦✈❡2 ❜♦✉♥❞❡❞ ❞✐0$2✐❜✉$✐✈❡ ❧❛$$✐❝❡0
✭✐♥ ♣❛2$✐❝✉❧❛2✱ ♦✈❡2 ❜♦✉♥❞❡❞ ❝❤❛✐♥0✮ ❤❛✈❡ ✈❡2② ♥❡❛$ ♥♦2♠❛❧ ❢♦2♠ 2❡♣2❡0❡♥$❛$✐♦♥0✳ ❋♦2
I ⊆ [n]✱ ❧❡$ 1I ❜❡ $❤❡ ❝❤❛.❛❝"❡.✐/"✐❝ ✈❡❝"♦. ♦❢ I✱ ✐✳❡✳✱ $❤❡ n✲$✉♣❧❡ ✐♥ Y
n
✇❤♦0❡ i✲$❤
❝♦♠♣♦♥❡♥$ ✐0 1 ✐❢ i ∈ I✱ ❛♥❞ ✵ ♦$❤❡2✇✐0❡✳
❚❤❡♦(❡♠ ✷✳✶✳ ❆ ❢✉♥❝"✐♦♥ p : Y n → Y ✐/ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✭✶✮ p(x1, . . . , xn) =
∨
I⊆[n]
(
p(1I) ∧
∧
i∈I
xi
)
.
❊4✉✐✈❛❧❡♥"❧②✱ p : Y n → Y ✐/ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢
p(x1, . . . , xn) =
∧
I⊆[n]
(
p(1[n]\I) ∨
∨
i∈I
xi
)
.
❘❡♠❛(❦ ✷✳✷✳ ❖❜0❡2✈❡ $❤❛$✱ ❜② ❚❤❡♦2❡♠ ✷✳✶✱ ❡✈❡2② ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝$✐♦♥ p : Y n → Y ✐0
✉♥✐J✉❡❧② ❞❡$❡2♠✐♥❡❞ ❜② ✐$0 2❡0$2✐❝$✐♦♥ $♦ {0, 1}n✳ ❆❧0♦✱ 0✐♥❝❡ ❡✈❡2② ❧❛$$✐❝❡ ♣♦❧②♥♦♠✐❛❧
❢✉♥❝$✐♦♥ ✐0 ♦2❞❡2✲♣2❡0❡2✈✐♥❣✱ $❤❡ ❝♦❡✣❝✐❡♥$0 ✐♥ ✭✶✮ ❛2❡ ♠♦♥♦$♦♥❡ ✐♥❝2❡❛0✐♥❣ ❛0 ✇❡❧❧✱ ✐✳❡✳✱
p(1I) ≤ p(1J) ✇❤❡♥❡✈❡2 I ⊆ J ✳ ▼♦2❡♦✈❡2✱ ❛ ❢✉♥❝$✐♦♥ f : {0, 1}
n → Y ❝❛♥ ❜❡ ❡①$❡♥❞❡❞
$♦ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝$✐♦♥ ♦✈❡2 Y ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐$ ✐0 ♦2❞❡2✲♣2❡0❡2✈✐♥❣✳
N♦❧②♥♦♠✐❛❧ ❢✉♥❝$✐♦♥0 ❛2❡ ❦♥♦✇♥ $♦ ❣❡♥❡2❛❧✐③❡ ❝❡2$❛✐♥ ♣2♦♠✐♥❡♥$ ♥♦♥❛❞❞✐$✐✈❡ ✐♥$❡✲
❣2❛❧0✱ ♥❛♠❡❧②✱ $❤❡ 0♦✲❝❛❧❧❡❞ ❙✉❣❡♥♦ ✐♥$❡❣2❛❧0✳ ❆ ❝❛♣❛❝✐"② ♦♥ [n] ✐0 ❛ ♠❛♣♣✐♥❣ µ : P([n])→
Y ✇❤✐❝❤ ✐0 ♦2❞❡2✲♣2❡0❡2✈✐♥❣ ✭✐✳❡✳✱ ✐❢ A ⊆ B ⊆ [n]✱ $❤❡♥ µ(A) ≤ µ(B)✮ ❛♥❞ 0❛$✐0✜❡0
µ(∅) = 0 ❛♥❞ µ([n]) = 1❀ 0✉❝❤ ❢✉♥❝$✐♦♥0 J✉❛❧✐❢② $♦ 2❡♣2❡0❡♥$ ✉♥❝❡2$❛✐♥$②✳
❚❤❡ ❙✉❣❡♥♦ ✐♥"❡❣.❛❧ ❛//♦❝✐❛"❡❞ ✇✐"❤ "❤❡ ❝❛♣❛❝✐"② µ ✐0 $❤❡ ❢✉♥❝$✐♦♥ qµ : Y
n → Y
❞❡✜♥❡❞ ❜②
✭✷✮ qµ(x1, . . . , xn) =
∨
I⊆[n]
(
µ(I) ∧
∧
i∈I
xi
)
.
❋♦2 ❢✉2$❤❡2 ❜❛❝❦❣2♦✉♥❞ 0❡❡✱ ❡✳❣✳✱ ❬✸✵✱ ✸✽✱ ✸✾❪✳
❘❡♠❛(❦ ✷✳✸✳ ❆0 ♦❜0❡2✈❡❞ ✐♥ ❬✸✷✱ ✸✸❪✱ ❙✉❣❡♥♦ ✐♥$❡❣2❛❧0 ❝♦✐♥❝✐❞❡ ❡①❛❝$❧② ✇✐$❤ $❤♦0❡ ♣♦❧②✲
♥♦♠✐❛❧ ❢✉♥❝$✐♦♥0 q : Y n → Y ✇❤✐❝❤ ❛2❡ ✐❞❡♠♣♦"❡♥"✱ $❤❛$ ✐0✱ ✇❤✐❝❤ 0❛$✐0❢② q(c, . . . , c) = c✱
❢♦2 ❡✈❡2② c ∈ Y ✳ ■♥ ❢❛❝$✱ ❜② ✭✶✮ ✐$ 0✉✣❝❡0 $♦ ✈❡2✐❢② $❤✐0 ✐❞❡♥$✐$② ❢♦2 c ∈ {0, 1}✱ $❤❛$ ✐0✱
q(1[n]) = 1 ❛♥❞ q(1∅) = 0✳
❘❡♠❛(❦ ✷✳✹✳ ◆♦$❡ ❛❧0♦ $❤❛$ $❤❡ 2❛♥❣❡ ♦❢ ❛ ❙✉❣❡♥♦ ✐♥$❡❣2❛❧ q : Y n → Y ✐0 ran(q) = Y ✳
▼♦2❡♦✈❡2✱ ❜② ❞❡✜♥✐♥❣ µ(I) = q(1I)✱ ✇❡ ❣❡$ q = qµ✳
■♥ $❤❡ 0❡J✉❡❧✱ ✇❡ 0❤❛❧❧ ❜❡ ♣❛2$✐❝✉❧❛2❧② ✐♥$❡2❡0$❡❞ ✐♥ $❤❡ ❢♦❧❧♦✇✐♥❣ $②♣❡0 ♦❢ ❝❛♣❛❝✐$✐❡0✳
❆ ❝❛♣❛❝✐$② µ ✐0 ❝❛❧❧❡❞ ❛ ♣♦//✐❜✐❧✐"② ♠❡❛/✉.❡ ✭2❡0♣✳ ♥❡❝❡//✐"② ♠❡❛/✉.❡✮ ✐❢ ❢♦2 ❡✈❡2②
A,B ⊆ [n]✱ µ(A ∪B) = µ(A) ∨ µ(B) ✭2❡0♣✳ µ(A ∩B) = µ(A) ∧ µ(B)✮✳
❘❡♠❛(❦ ✷✳✺✳ ■♥ $❤❡ ✜♥✐$❡ 0❡$$✐♥❣✱ ❛ ♣♦00✐❜✐❧✐$② ♠❡❛0✉2❡ ✐0 ❝♦♠♣❧❡$❡❧② ❝❤❛2❛❝$❡2✐③❡❞
❜② $❤❡ ✈❛❧✉❡ ♦❢ µ ♦♥ 0✐♥❣❧❡$♦♥0✱ ♥❛♠❡❧②✱ µ({i}), i ∈ [n] ✭❝❛❧❧❡❞ ❛ ♣♦00✐❜✐❧✐$② ❞✐0$2✐✲
❜✉$✐♦♥✮✱ 0✐♥❝❡ ❝❧❡❛2❧②✱ µ(A) =
∨
i∈A µ({i})✳ ▲✐❦❡✇✐0❡✱ ❛ ♥❡❝❡00✐$② ♠❡❛0✉2❡ ✐0 ❝♦♠✲
♣❧❡$❡❧② ❝❤❛2❛❝$❡2✐③❡❞ ❜② $❤❡ ✈❛❧✉❡ ♦❢ µ ♦♥ 0❡$0 ♦❢ $❤❡ ❢♦2♠ Ni = [n] \ {i} 0✐♥❝❡ ❝❧❡❛2❧②✱
µ(A) =
∧
i6∈A µ(Ni)
◆♦$❡ $❤❛$ ✐❢ µ ✐0 ❛ ♣♦00✐❜✐❧✐$② ♠❡❛0✉2❡ ❬✹✵❪ ✭2❡0♣✳ ♥❡❝❡00✐$② ♠❡❛0✉2❡ ❬✷✹❪✮✱ $❤❡♥ qµ ✐0
❛ ✇❡✐❣❤$❡❞ ❞✐0❥✉♥❝$✐♦♥
∨
i∈I µ(i) ∧ xi ✭2❡0♣✳ ✇❡✐❣❤$❡❞ ❝♦♥❥✉♥❝$✐♦♥ µ(I) ∧
∧
i∈I xi)✮ ❢♦2
0♦♠❡ I ⊆ [n] ❬✷✸❪ ✭✇❤❡2❡ µ(i)✱ ❛ 0❤♦2$❤❛♥❞ ♥♦$❛$✐♦♥ ❢♦2 µ({i})✱ 2❡♣2❡0❡♥$0 ✐♠♣♦2$❛♥❝❡
♦❢ ❝#✐%❡#✐♦♥ i✮✳ ❚❤❡ ✇❡✐❣❤%❡❞ ❞✐/❥✉♥❝%✐♦♥ ♦♣❡#❛%✐♦♥ ✐/ %❤❡♥ ♣❡#♠✐//✐✈❡ ✭✐% ✐/ ❡♥♦✉❣❤
%❤❛% ♦♥❡ ✐♠♣♦#%❛♥% ❝#✐%❡#✐♦♥ ❜❡ /❛%✐/✜❡❞ ❢♦# %❤❡ #❡/✉❧% %♦ ❜❡ ❤✐❣❤✮ ❛♥❞ %❤❡ ✇❡✐❣❤%❡❞
❝♦♥❥✉♥❝%✐♦♥ ✐/ ❞❡♠❛♥❞✐♥❣ ✭❛❧❧ ✐♠♣♦#%❛♥% ❝#✐%❡#✐❛ ♠✉/% ❜❡ /❛%✐/✜❡❞✮✳
:♦❧②♥♦♠✐❛❧ ❢✉♥❝%✐♦♥/ ❛♥❞ ❙✉❣❡♥♦ ✐♥%❡❣#❛❧/ ❤❛✈❡ ❜❡❡♥ ❝❤❛#❛❝%❡#✐③❡❞ ❜② /❡✈❡#❛❧ ❛✉✲
%❤♦#/✱ ❛♥❞ ✐♥ %❤❡ ♠♦#❡ ❣❡♥❡#❛❧ /❡%%✐♥❣ ♦❢ ❞✐/%#✐❜✉%✐✈❡ ❧❛%%✐❝❡/ /❡❡✱ ❡✳❣✳✱ ❬✾✱ ✶✵✱ ✸✵❪✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛#❛❝%❡#✐③❛%✐♦♥ ✐♥ %❡#♠/ ♦❢ ♠❡❞✐❛♥ ❞❡❝♦♠♣♦/❛❜✐❧✐%② ✇✐❧❧ ❜❡ ✐♥/%#✉✲
♠❡♥%❛❧ ✐♥ %❤✐/ ♣❛♣❡#✳ ❆ ❢✉♥❝%✐♦♥ p : Y n → Y ✐/ /❛✐❞ %♦ ❜❡ ♠❡❞✐❛♥ ❞❡❝♦♠♣♦)❛❜❧❡ ✐❢ ❢♦#
❡✈❡#② x ∈ Y n✱
p(x) = med
(
p(x0k), xk, p(x
1
k)
)
(k = 1, . . . , n),
✇❤❡#❡ xck ❞❡♥♦%❡/ %❤❡ %✉♣❧❡ ✇❤♦/❡ i✲%❤ ❝♦♠♣♦♥❡♥% ✐/ c✱ ✐❢ i = k✱ ❛♥❞ xi✱ ♦%❤❡#✇✐/❡✳
❚❤❡♦$❡♠ ✷✳✻ ✭❬✽✱ ✸✸❪✮✳ ▲❡- p : Y n → Y ❜❡ ❛ ❢✉♥❝-✐♦♥ ♦♥ ❛♥ ❛0❜✐-0❛0② ❜♦✉♥❞❡❞ ❝❤❛✐♥
Y ✳ ❚❤❡♥ p ✐) ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝-✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ p ✐) ♠❡❞✐❛♥ ❞❡❝♦♠♣♦)❛❜❧❡✳
✷✳✸✳ ❙✉❣❡♥♦ ✉-✐❧✐-② ❢✉♥❝-✐♦♥❛❧4✳ ▲❡% X1, . . . , Xn ❛♥❞ Y ❜❡ ✜♥✐%❡ ❝❤❛✐♥/✳ ❲❡ ❞❡♥♦%❡
✭✇✐%❤ ♥♦ ❞❛♥❣❡# ♦❢ ❛♠❜✐❣✉✐%②✮ %❤❡ %♦♣ ❛♥❞ ❜♦%%♦♠ ❡❧❡♠❡♥%/ ♦❢ X1, . . . , Xn ❛♥❞ Y ❜② 1
❛♥❞ 0✱ #❡/♣❡❝%✐✈❡❧②✳
❲❡ /❛② %❤❛% ❛ ♠❛♣♣✐♥❣ ϕi : Xi → Y ✱ i ∈ [n]✱ ✐/ ❛ ❧♦❝❛❧ ✉-✐❧✐-② ❢✉♥❝-✐♦♥ ✐❢ ✐% ✐/ ♦#❞❡#✲
♣#❡/❡#✈✐♥❣✳ ■% ✐/ ❛ L✉❛❧✐%❛%✐✈❡ ✉%✐❧✐%② ❢✉♥❝%✐♦♥ ❛/ ♠❛♣♣✐♥❣ ♦♥ ❛ ✜♥✐%❡ ❝❤❛✐♥✳ ❆ ❢✉♥❝%✐♦♥
f : X → Y ✐/ ❛ ❙✉❣❡♥♦ ✉-✐❧✐-② ❢✉♥❝-✐♦♥❛❧ ✐❢ %❤❡#❡ ✐/ ❛ ❙✉❣❡♥♦ ✐♥%❡❣#❛❧ q : Y n → Y ❛♥❞
❧♦❝❛❧ ✉%✐❧✐%② ❢✉♥❝%✐♦♥/ ϕi : Xi → Y ✱ i ∈ [n]✱ /✉❝❤ %❤❛%
✭✸✮ f(x) = q(ϕ1(x1), . . . , ϕn(xn)).
◆♦%❡ %❤❛% ❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧/ ❛#❡ ♦#❞❡#✲♣#❡/❡#✈✐♥❣✳ ▼♦#❡♦✈❡#✱ ✐% ✇❛/ /❤♦✇♥ ✐♥
❬✶✺❪ %❤❛% %❤❡ /❡% ♦❢ ❢✉♥❝%✐♦♥/ ♦❜%❛✐♥❡❞ ❜② ❝♦♠♣♦/✐♥❣ ❧❛%%✐❝❡ ♣♦❧②♥♦♠✐❛❧/ ✇✐%❤ ❧♦❝❛❧
✉%✐❧✐%② ❢✉♥❝%✐♦♥/ ✐/ %❤❡ /❛♠❡ ❛/ %❤❡ /❡% ♦❢ ❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧/✳
❘❡♠❛$❦ ✷✳✼✳ ■♥ ❬✶✺❪ ❛♥❞ ❬✶✻❪ ❛ ♠♦#❡ ❣❡♥❡#❛❧ /❡%%✐♥❣ ✇❛/ ❝♦♥/✐❞❡#❡❞✱ ✇❤❡#❡ %❤❡ ✐♥♥❡#
❢✉♥❝%✐♦♥/ ϕi : Xi → Y ✱ i ∈ [n]✱ ✇❡#❡ ♦♥❧② #❡L✉✐#❡❞ %♦ /❛%✐/❢② %❤❡ /♦✲❝❛❧❧❡❞ ✏❜♦✉♥❞❛#②
❝♦♥❞✐%✐♦♥/✑✿ ❢♦# ❡✈❡#② x ∈ Xi✱
✭✹✮ ϕi(0) ≤ ϕi(x) ≤ ϕi(1) ♦# ϕi(1) ≤ ϕi(x) ≤ ϕi(0).
❚❤❡ #❡/✉❧%✐♥❣ ❝♦♠♣♦/✐%✐♦♥/ ✭✸✮ ✇❤❡#❡ q ✐/ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝%✐♦♥ ✭#❡/♣✳ ❙✉❣❡♥♦ ✐♥%❡❣#❛❧✮
✇❡#❡ #❡❢❡##❡❞ %♦ ❛/ ✏♣/❡✉❞♦✲♣♦❧②♥♦♠✐❛❧ ❢✉♥❝%✐♦♥/✑ ✭#❡/♣✳ ✏♣/❡✉❞♦✲❙✉❣❡♥♦ ✐♥%❡❣#❛❧/✑✮✳ ❆/
✐% %✉#♥❡❞ ♦✉%✱ %❤❡/❡ %✇♦ ♥♦%✐♦♥/ ❛#❡ ✐♥ ❢❛❝% ❡L✉✐✈❛❧❡♥%✳
❘❡♠❛$❦ ✷✳✽✳ ❖❜/❡#✈❡ %❤❛% ♣/❡✉❞♦✲♣♦❧②♥♦♠✐❛❧ ❢✉♥❝%✐♦♥/ ❛#❡ ♥♦% ♥❡❝❡//❛#✐❧② ♦#❞❡#✲
♣#❡/❡#✈✐♥❣✱ ❛♥❞ %❤✉/ %❤❡② ❛#❡ ♥♦% ♥❡❝❡//❛#✐❧② ❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧/✳ ❍♦✇❡✈❡#✱
❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧/ ❝♦✐♥❝✐❞❡ ❡①❛❝%❧② ✇✐%❤ %❤♦/❡ ♣/❡✉❞♦✲♣♦❧②♥♦♠✐❛❧ ❢✉♥❝%✐♦♥/ ✭♦#✱
❡L✉✐✈❛❧❡♥%❧②✱ ♣/❡✉❞♦✲❙✉❣❡♥♦ ✐♥%❡❣#❛❧/✮ ✇❤✐❝❤ ❛#❡ ♦#❞❡#✲♣#❡/❡#✈✐♥❣✱ /❡❡ ❬✶✺❪✳
❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧/ ❝❛♥ ❜❡ ❛①✐♦♠❛%✐③❡❞ ✐♥ ❝♦♠♣❧❡%❡ ❛♥❛❧♦❣② ✇✐%❤ ♣♦❧②♥♦♠✐❛❧
❢✉♥❝%✐♦♥/ ❜② ❡①%❡♥❞✐♥❣ %❤❡ ♥♦%✐♦♥ ♦❢ ♠❡❞✐❛♥ ❞❡❝♦♠♣♦/❛❜✐❧✐%②✳ ❲❡ /❛② %❤❛% f : X→ Y
✐/ ♣)❡✉❞♦✲♠❡❞✐❛♥ ❞❡❝♦♠♣♦)❛❜❧❡ ✐❢ ❢♦# ❡❛❝❤ k ∈ [n] %❤❡#❡ ✐/ ❛ ❧♦❝❛❧ ✉%✐❧✐%② ❢✉♥❝%✐♦♥
ϕk : Xk → Y /✉❝❤ %❤❛%
✭✺✮ f(x) = med
(
f(x0k), ϕk(xk), f(x
1
k)
)
❢♦# ❡✈❡#② x ∈ X✳
❚❤❡♦$❡♠ ✷✳✾ ✭❬✶✺❪✮✳ ❆ ❢✉♥❝-✐♦♥ f : X → Y ❛ ❙✉❣❡♥♦ ✉-✐❧✐-② ❢✉♥❝-✐♦♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢
f ✐) ♣)❡✉❞♦✲♠❡❞✐❛♥ ❞❡❝♦♠♣♦)❛❜❧❡✳
❘❡♠❛$❦ ✷✳✶✵✳ ■♥ ❬✶✺❪ ❛♥❞ ❬✶✻❪ ❛ ♠♦#❡ ❣❡♥❡#❛❧ ♥♦%✐♦♥ ♦❢ ♣/❡✉❞♦✲♠❡❞✐❛♥ ❞❡❝♦♠♣♦/❛❜✐❧✲
✐%② ✇❛/ ❝♦♥/✐❞❡#❡❞ ✇❤❡#❡ %❤❡ ✐♥♥❡# ❢✉♥❝%✐♦♥/ ϕi : Xi → Y ✱ i ∈ [n]✱ ✇❡#❡ ♦♥❧② #❡L✉✐#❡❞
%♦ /❛%✐/❢② %❤❡ ❜♦✉♥❞❛#② ❝♦♥❞✐%✐♦♥/✳
◆♦%❡ %❤❛% ♦♥❝❡ %❤❡ ❧♦❝❛❧ ✉%✐❧✐%② ❢✉♥❝%✐♦♥/ ϕi : Xi → Y ✭i ∈ [n]✮ ❛#❡ ❣✐✈❡♥✱ %❤❡ ♣/❡✉❞♦✲
♠❡❞✐❛♥ ❞❡❝♦♠♣♦/❛❜✐❧✐%② ❢♦#♠✉❧❛ ✭✺✮ ♣#♦✈✐❞❡/ ❛ ❞✐/❥✉♥❝%✐✈❡ ♥♦#♠❛❧ ❢♦#♠ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧
❢✉♥❝%✐♦♥ p0 ✇❤✐❝❤ ❝❛♥ ❜❡ ✉/❡❞ %♦ ❢❛❝%♦#✐③❡ f ✳ ❚♦ %❤✐/ ❡①%❡♥%✱ ❧❡% 1̂I ❞❡♥♦%❡ %❤❡ ❝❤❛#❛❝✲
%❡#✐/%✐❝ ✈❡❝%♦# ♦❢ I ⊆ [n] ✐♥ X✱ ✐✳❡✳✱ 1̂I ∈ X ✐/ %❤❡ n✲%✉♣❧❡ ✇❤♦/❡ i✲%❤ ❝♦♠♣♦♥❡♥% ✐/ 1Xi
✐❢ i ∈ I✱ ❛♥❞ 0Xi ♦%❤❡#✇✐/❡✳
❚❤❡♦$❡♠ ✷✳✶✶ ✭❬✶✻❪✮✳ ■❢ f : X → Y ✐# ♣#❡✉❞♦✲♠❡❞✐❛♥ ❞❡❝♦♠♣♦#❛❜❧❡ ✇✳2✳3✳ ❧♦❝❛❧ ✉3✐❧✲
✐3② ❢✉♥❝3✐♦♥# ϕk : Xk → Y (k ∈ [n])✱ 3❤❡♥ f = p0(ϕ1, . . . , ϕn)✱ ✇❤❡2❡ 3❤❡ ♣♦❧②♥♦♠✐❛❧
❢✉♥❝3✐♦♥ p0 ✐# ❣✐✈❡♥ ❜②
✭✻✮ p0 (y1, . . . , yn) =
∨
I⊆[n]
(
f
(
1̂I
)
∧
∧
i∈I
yi
)
.
❚❤✐) *❡)✉❧. ♥❛.✉*❛❧❧② ❛)❦) ❢♦* ❛ ♣*♦❝❡❞✉*❡ .♦ ♦❜.❛✐♥ ❧♦❝❛❧ ✉.✐❧✐.② ❢✉♥❝.✐♦♥) ϕi : Xi → Y
✭i ∈ [n]✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉)❡❞ .♦ ❢❛❝.♦*✐③❡ ❛ ❣✐✈❡♥ ❙✉❣❡♥♦ ✉.✐❧✐.② ❢✉♥❝.✐♦♥❛❧ f : X → Y
✐♥.♦ ❛ ❝♦♠♣♦)✐.✐♦♥ ✭✸✮✳ ■♥ .❤❡ ♠♦*❡ ❣❡♥❡*❛❧ )❡..✐♥❣ ♦❢ ♣)❡✉❞♦✲♣♦❧②♥♦♠✐❛❧ ❢✉♥❝.✐♦♥)✱
)✉❝❤ ♣*♦❝❡❞✉*❡) ✇❡*❡ ♣*❡)❡♥.❡❞ ✐♥ ❬✶✺❪ ✇❤❡♥ Y ✐) ❛♥ ❛*❜✐.*❛*② ❝❤❛✐♥✱ ❛♥❞ ✐♥ ❬✶✻❪ ✇❤❡♥
Y ✐) ❛ ✜♥✐.❡ ❞✐).*✐❜✉.✐✈❡ ❧❛..✐❝❡❀ ✇❡ *❡❝❛❧❧ .❤❡ ❧❛..❡* ✐♥ ❆♣♣❡♥❞✐① ■✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ *❡)✉❧. ♣*♦✈✐❞❡) ❛ ♥♦.❡✇♦*.❤② ❛①✐♦♠❛.✐③❛.✐♦♥ ♦❢ ❙✉❣❡♥♦ ✉.✐❧✐.② ❢✉♥❝.✐♦♥✲
❛❧) ✇❤✐❝❤ ❢♦❧❧♦✇) ❛) ❛ ❝♦*♦❧❧❛*② ♦❢ ❚❤❡♦*❡♠ ✶✾ ✐♥ ❬✶✻❪✳ ❋♦* .❤❡ )❛❦❡ ♦❢ )❡❧❢✲❝♦♥.❛✐♥♠❡♥.✱
✇❡ ♣*❡)❡♥. ✐.) ♣*♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ■■✳
❚❤❡♦$❡♠ ✷✳✶✷✳ ❆ ❢✉♥❝3✐♦♥ f : X → Y ✐# ❛ ❙✉❣❡♥♦ ✉3✐❧✐3② ❢✉♥❝3✐♦♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐3
✐# ♦2❞❡2✲♣2❡#❡2✈✐♥❣ ❛♥❞ #❛3✐#✜❡#
f
(
x0k
)
< f (xak) ❛♥❞ f (y
a
k) < f
(
y1k
)
=⇒ f (xak) ≤ f (y
a
k)
❢♦2 ❛❧❧ x,y ∈ X ❛♥❞ k ∈ [n]✱ a ∈ Xk✳
▲❡. ✉) ✐♥.❡*♣*❡. .❤✐) *❡)✉❧. ✐♥ .❡*♠) ♦❢ ♠✉❧.✐❝*✐.❡*✐❛ ❡✈❛❧✉❛.✐♦♥✳ ❈♦♥)✐❞❡* ❛❧.❡*♥❛.✐✈❡)
x ❛♥❞ y )✉❝❤ .❤❛. xk = yk = a✳ ❚❤❡♥ f
(
x0k
)
< f (x) ♠❡❛♥) .❤❛. ❞♦✇♥✲❣*❛❞✐♥❣
❛..*✐❜✉.❡ k ♠❛❦❡) .❤❡ ❝♦**❡)♣♦♥❞✐♥❣ ❛❧.❡*♥❛.✐✈❡ x0k ).*✐❝.❧② ✇♦*)❡ .❤❛♥ x✳ ❙✐♠✐❧❛*❧②✱
f (y) < f
(
y1k
)
♠❡❛♥) .❤❛. ✉♣❣*❛❞✐♥❣ ❛..*✐❜✉.❡ k ♠❛❦❡) .❤❡ ❝♦**❡)♣♦♥❞✐♥❣ ❛❧.❡*♥❛.✐✈❡
y1k ).*✐❝.❧② ❜❡..❡* .❤❛♥ y✳ ❚❤❡♥ ♣)❡✉❞♦✲♠❡❞✐❛♥ ❞❡❝♦♠♣♦)✐❜✐❧✐.② ❡①♣*❡))❡) .❤❡ ❢❛❝. .❤❛.
.❤❡ ✈❛❧✉❡ ♦❢ x ✐) ❡✐.❤❡* f(x0k)✱ ♦* f(x
1
k) ♦* ϕk(xk)✳ ■♥ )✉❝❤ ❛ )✐.✉❛.✐♦♥✱ ❣✐✈❡♥ ❛♥♦.❤❡*
❛❧.❡*♥❛.✐✈❡ y )✉❝❤ .❤❛. yk = xk = a ✿
f
(
x0k
)
< f (x) = med
(
f(x0k), ϕk(a), f(x
1
k)
)
= ϕk(a) ∧ f(x
1
k) ≤ ϕk(a),
f
(
y1k
)
> f (y) = med
(
f(y0k), ϕk(a), f(y
1
k)
)
= ϕk(a) ∨ f(y
0
k) ≥ ϕk(a),
❛♥❞ )♦ f (x) ≤ ϕk(a) ≤ f (y)✳ ❍❡♥❝❡✱ ✐❢ ♠❛①✐♠❛❧❧② ❞♦✇♥❣*❛❞✐♥❣ ✭*❡)♣✳ ✉♣❣*❛❞✐♥❣✮
❛..*✐❜✉.❡ k ♠❛❦❡) .❤❡ ❛❧.❡*♥❛.✐✈❡ ✇♦*)❡ ✭*❡)♣✳ ❜❡..❡*✮ ✐. ♠❡❛♥) .❤❛. ✐.) ♦✈❡*❛❧❧ *❛.✐♥❣
✇❛) ♥♦. ♠♦*❡ ✭*❡)♣✳ ♥♦. ❧❡))✮ .❤❛. .❤❡ *❛.✐♥❣ ♦♥ ❛..*✐❜✉.❡ k✳ ❲❡ )❤❛❧❧ ❢✉*.❤❡* ❞✐)❝✉))
.❤✐) ❛♥❞ ♦.❤❡* ❢❛❝.) ✐♥ ❙❡❝.✐♦♥ ✺✳
■. ✐) ❛❧)♦ ✐♥.❡*❡).✐♥❣ .♦ ❝♦♠♠❡♥. ♦♥ ❙✉❣❡♥♦ ✉.✐❧✐.② ❢✉♥❝.✐♦♥❛❧) ❛) ♦♣♣♦)❡❞ .♦ ❙✉❣❡♥♦
✐♥.❡❣*❛❧) ❛♣♣❧✐❡❞ .♦ ❛ )✐♥❣❧❡ ❧♦❝❛❧ ✉.✐❧✐.② ❢✉♥❝.✐♦♥✳ ❋✐*).✱ .❤❡ *♦❧❡ ♦❢ ❧♦❝❛❧ ✉.✐❧✐.② ❢✉♥❝.✐♦♥)
✐) ❝❧❡❛*❧② .♦ ❡♠❜❡❞ ❛❧❧ .❤❡ ❧♦❝❛❧ )❝❛❧❡) Xi ✐♥.♦ ❛ )✐♥❣❧❡ )❝❛❧❡ Y ✐♥ ♦*❞❡* .♦ ♠❛❦❡ .❤❡ )❝❛❧❡)
Xi ❝♦♠♠❡♥)✉*❛.❡✳ ■♥ ♦.❤❡* ✇♦*❞)✱ ❛ ❙✉❣❡♥♦ ✐♥.❡❣*❛❧ ✭✷✮ ❝❛♥♥♦. ❜❡ ❞❡✜♥❡❞ ✐❢ .❤❡*❡ ✐)
♥♦ ❝♦♠♠♦♥ )❝❛❧❡ X )✉❝❤ .❤❛. Xi ⊆ X✱ ❢♦* ❡✈❡*② i ∈ [n]✳ ■♥ ♣❛*.✐❝✉❧❛*✱ .❤❡ )✐.✉❛.✐♦♥
✐♥ ❞❡❝✐)✐♦♥ ✉♥❞❡* ✉♥❝❡*.❛✐♥.② ✐) ♣*❡❝✐)❡❧② .❤❛. ✇❤❡*❡ Xi = X✱ ❢♦* ❡✈❡*② i ∈ [n]✱ .❤❛.
✐)✱ .❤❡ ✉.✐❧✐.② ♦❢ ❛ ❝♦♥)❡Q✉❡♥❝❡ *❡)✉❧.✐♥❣ ❢*♦♠ ✐♠♣❧❡♠❡♥.✐♥❣ ❛♥ ❛❝. ❞♦❡) ♥♦. ❞❡♣❡♥❞ ♦♥
.❤❡ ).❛.❡ ♦❢ .❤❡ ✇♦*❧❞ ✐♥ ✇❤✐❝❤ .❤❡ ❛❝. ✐) ✐♠♣❧❡♠❡♥.❡❞✳ ❚❤❡♥ ✐. ✐) ❝❧❡❛* .❤❛. ϕi = ϕ✱
❢♦* ❡✈❡*② i ∈ [n]✱ ♥❛♠❡❧②✱ ❛ ✉♥✐Q✉❡ ✉.✐❧✐.② ❢✉♥❝.✐♦♥ ✐) ❛. ✇♦*❦✳ ■♥ .❤✐) )❡♥)❡✱ .❤❡ ❙✉❣❡♥♦
✉.✐❧✐.② ❢✉♥❝.✐♦♥❛❧ ❜❡❝♦♠❡) ❛ )✐♠♣❧❡ ❙✉❣❡♥♦ ✐♥.❡❣*❛❧ ♦❢ .❤❡ ❢♦*♠
✭✼✮ qµ(y1, . . . , yn) =
∨
I⊆[n]
(
µ(I) ∧
∧
i∈I
yi
)
.
✇❤❡*❡ Y = ϕ(X)✳ ❚❤✐) ✐) .❤❡ ❝❛)❡ ❢♦* ❉▼❯✱ ✇❤❡*❡ [n] ✐) .❤❡ )❡. ♦❢ ).❛.❡) ♦❢ ♥❛.✉*❡✱ ❛♥❞
X ✐) .❤❡ )❡. ♦❢ ❝♦♥)❡Q✉❡♥❝❡) ✭♥♦. ♥❡❝❡))❛*✐❧② ♦*❞❡*❡❞✮✳ ■. ✐) .❤❡ ✉.✐❧✐.② ❢✉♥❝.✐♦♥ ϕ .❤❛.
❡Q✉✐♣) X ✇✐.❤ ❛ .♦.❛❧ ♦*❞❡*✿ xi ≤ xj ⇐⇒ ϕ(xi) ≤ ϕ(xj)✳ ❚❤❡ ❣❡♥❡*❛❧ ❝❛)❡ ).✉❞✐❡❞
❤❡*❡ ❝♦**❡)♣♦♥❞) .♦ .❤❛. ♦❢ ❉▼❯ ❜✉. ✇❤❡*❡ .❤❡ ❧♦❝❛❧ ✉.✐❧✐.② ❢✉♥❝.✐♦♥) ϕi : X → Y
❛*❡ ).❛.❡✲❞❡♣❡♥❞❡♥.❀ .❤✐) )✐.✉❛.✐♦♥ ✇❛) ❛❧*❡❛❞② ❝♦♥)✐❞❡*❡❞ ✐♥ .❤❡ ❧✐.❡*❛.✉*❡ ♦❢ ❡①♣❡❝.❡❞
✉.✐❧✐.② .❤❡♦*② ❬✸✻❪✱ ❤❡*❡ ❛❞❛♣.❡❞ .♦ .❤❡ Q✉❛❧✐.❛.✐✈❡ )❡..✐♥❣✳ ◆❛♠❡❧②✱ ❛♥ ❛❝. ✐) ♦❢ .❤❡
❢♦*♠ x ∈ Xn ✇❤❡*❡ .❤❡ ❝♦♥)❡Q✉❡♥❝❡) xi ♦❢ .❤❡ ❛❝. ♣❡*❢♦*♠❡❞ ✐♥ ).❛.❡ i ❜❡❧♦♥❣ .♦ .❤❡
)❛♠❡ )❡. X✱ ❛♥❞ .❤❡ ❡✈❛❧✉❛.✐♦♥ ♦❢ x ✐) ♦❢ .❤❡ ❢♦*♠ ✭✸✮✱ ✐✳❡✳ .❤❡② ❛*❡ ♥♦. ❡✈❛❧✉❛.❡❞ ✐♥
.❤❡ )❛♠❡ ✇❛② ✐♥ ❡❛❝❤ ).❛.❡✳
✸✳  !❡❢❡!❡♥❝❡ !❡❧❛(✐♦♥+ !❡♣!❡+❡♥(❡❞ ❜② ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧+
■♥ $❤✐' '❡❝$✐♦♥ ✇❡ ❛-❡ ✐♥$❡-❡'$❡❞ ✐♥ -❡❧❛$✐♦♥' ✇❤✐❝❤ ❝❛♥ ❜❡ -❡♣-❡'❡♥$❡❞ ❜② ❙✉❣❡♥♦
✉$✐❧✐$② ❢✉♥❝$✐♦♥❛❧'✳ ■♥ ❙✉❜'❡❝$✐♦♥ ✸✳✶ ✇❡ -❡❝❛❧❧ ❜❛'✐❝ ♥♦$✐♦♥' ❛♥❞ ♣-❡'❡♥$ ♣-❡❧✐♠✐♥❛-②
♦❜'❡-✈❛$✐♦♥' ♣❡-$❛✐♥✐♥❣ $♦ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥'✳ ❲❡ ❞✐'❝✉'' '❡✈❡-❛❧ ❛①✐♦♠' ♦❢ ▼❈❉▼
✐♥ ❙✉❜'❡❝$✐♦♥ ✸✳✷ ❛♥❞ ♣-❡'❡♥$ '❡✈❡-❛❧ ❡@✉✐✈❛❧❡♥❝❡' ❜❡$✇❡❡♥ $❤❡♠✳ ■♥ ❙✉❜'❡❝$✐♦♥' ✸✳✸
❛♥❞ ✸✳✹ ✇❡ ♣-❡'❡♥$ ❛①✐♦♠❛$✐③❛$✐♦♥' ♦❢ $❤♦'❡ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥' ✐♥❞✉❝❡❞ ❜② ♣♦''✐❜✐❧✐$②
❛♥❞ ♥❡❝❡''✐$② ♠❡❛'✉-❡'✱ ❛♥❞ ♦❢ ♠♦-❡ ❣❡♥❡-❛❧ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥' -❡♣-❡'❡♥$❡❞ ❜② ❙✉❣❡♥♦
✉$✐❧✐$② ❢✉♥❝$✐♦♥'✳
✸✳✶✳  !❡❢❡!❡♥❝❡ !❡❧❛(✐♦♥+ ♦♥ ❈❛!(❡+✐❛♥ ♣!♦❞✉❝(+✳ ❖♥❡ ♦❢ $❤❡ ♠❛✐♥ ❛-❡❛' ✐♥ ❞❡✲
❝✐'✐♦♥ ♠❛❦✐♥❣ ✐' $❤❡ -❡♣-❡'❡♥$❛$✐♦♥ ♦❢ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥'✳ ❆ ✇❡❛❦ ♦%❞❡% ♦♥ ❛ '❡$
X =
∏
i∈[n]Xi ✐' ❛ -❡❧❛$✐♦♥ -⊆ X
2
$❤❛$ ✐' -❡✢❡①✐✈❡✱ $-❛♥'✐$✐✈❡✱ ❛♥❞ ❝♦♠♣❧❡$❡ ✭∀x,y ∈
X : x - y ♦- y - x✮✳ ▲✐❦❡ @✉❛'✐✲♦-❞❡-' ✭✐✳❡✳✱ -❡✢❡①✐✈❡ ❛♥❞ $-❛♥'✐$✐✈❡ -❡❧❛$✐♦♥'✮✱ ✇❡❛❦
♦-❞❡-' ❞♦ ♥♦$ ♥❡❝❡''❛-✐❧② '❛$✐'❢② $❤❡ ❛♥(✐*②♠♠❡(%② ❝♦♥❞✐(✐♦♥ ✿
✭❆❙✮ ∀x,y ∈ X : x - y, y - x =⇒ x = y.
❚❤✐' ❢❛❝$ ❣✐✈❡' -✐'❡ $♦ ❛♥ ✏✐♥❞✐✛❡-❡♥❝❡✑ -❡❧❛$✐♦♥ ✇❤✐❝❤ ✇❡ ❞❡♥♦$❡ ❜② ∼✱ ❛♥❞ ✇❤✐❝❤ ✐'
❞❡✜♥❡❞ ❜② y ∼ x ✐❢ x - y ❛♥❞ y - x✳ ❈❧❡❛-❧②✱ ∼ ✐' ❛♥ ❡@✉✐✈❛❧❡♥❝❡ -❡❧❛$✐♦♥✳ ▼♦-❡♦✈❡-✱
$❤❡ @✉♦$✐❡♥$ -❡❧❛$✐♦♥ - / ∼ '❛$✐'✜❡' ✭❆❙✮❀ ✐♥ ♦$❤❡- ✇♦-❞'✱ - / ∼ ✐' ❛ ❝♦♠♣❧❡$❡ ❧✐♥❡❛-
♦-❞❡- ✭❝❤❛✐♥✮✳
❇② ❛ ♣%❡❢❡%❡♥❝❡ %❡❧❛(✐♦♥ ♦♥ X ✇❡ ♠❡❛♥ ❛ ✇❡❛❦ ♦-❞❡- - ✇❤✐❝❤ '❛$✐'✜❡' $❤❡ 1❛%❡(♦
❝♦♥❞✐(✐♦♥ ✿
✭T✮ ∀x,y ∈ X : x ≤ y =⇒ x - y.
■♥ $❤✐' '❡❝$✐♦♥ ✇❡ ❛-❡ ✐♥$❡-❡'$❡❞ ✐♥ ♠♦❞❡❧✐♥❣ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥'✱ ❛♥❞ ✐♥ $❤✐' ✜❡❧❞
$✇♦ ♣-♦❜❧❡♠' ❛-✐'❡ ♥❛$✉-❛❧❧②✳ ❚❤❡ ✜-'$ ❞❡❛❧' ✇✐$❤ $❤❡ -❡♣-❡'❡♥$❛$✐♦♥ ♦❢ '✉❝❤ ♣-❡❢❡-❡♥❝❡
-❡❧❛$✐♦♥'✱ ✇❤✐❧❡ $❤❡ '❡❝♦♥❞ ❞❡❛❧' ✇✐$❤ $❤❡ ❛①✐♦♠❛$✐③❛$✐♦♥ ♦❢ $❤❡ ❝❤♦'❡♥ -❡♣-❡'❡♥$❛$✐♦♥✳
❈♦♥❝❡-♥✐♥❣ $❤❡ ❢♦-♠❡-✱ $❤❡ ✉'❡ ♦❢ ❛❣❣-❡❣❛$✐♦♥ ❢✉♥❝$✐♦♥' ❤❛' ❛$$-❛❝$❡❞ ♠✉❝❤ ❛$$❡♥$✐♦♥
✐♥ -❡❝❡♥$ ②❡❛-'✱ ❢♦- ✐$ ♣-♦✈✐❞❡' ❛♥ ❡❧❡❣❛♥$ ❛♥❞ ♣♦✇❡-❢✉❧ ❢♦-♠❛❧✐'♠ $♦ ♠♦❞❡❧ ♣-❡❢❡-❡♥❝❡
❬✺✱ ✷✾❪ ✭❢♦- ❣❡♥❡-❛❧ ❜❛❝❦❣-♦✉♥❞ ♦♥ ❛❣❣-❡❣❛$✐♦♥ ❢✉♥❝$✐♦♥'✱ '❡❡ ❬✸✵✱ ✷❪✮✳
■♥ $❤✐' ❛♣♣-♦❛❝❤✱ ❛ ✇❡❛❦ ♦-❞❡- - ♦♥ ❛ '❡$ X =
∏
i∈[n]Xi ✐' -❡♣-❡'❡♥$❡❞ ❜② ❛ '♦✲❝❛❧❧❡❞
❣❧♦❜❛❧ ✉$✐❧✐$② ❢✉♥❝$✐♦♥ U ✭✐✳❡✳✱ ❛♥ ♦-❞❡-✲♣-❡'❡-✈✐♥❣ ♠❛♣♣✐♥❣ ✇❤✐❝❤ ❛''✐❣♥' $♦ ❡❛❝❤ ❡✈❡♥$
✐♥ X ❛♥ ♦✈❡-❛❧❧ '❝♦-❡ ✐♥ ❛ ♣♦''✐❜❧② ❞✐✛❡-❡♥$ '❝❛❧❡ Y ✮✱ ✉♥❞❡- $❤❡ -✉❧❡✿ x - y ✐❢ ❛♥❞ ♦♥❧②
✐❢ U(x) ≤ U(y)✳ ❙✉❝❤ ❛ -❡❧❛$✐♦♥ ✐' ❝❧❡❛-❧② ❛ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥✳
❈♦♥✈❡-'❡❧②✱ ✐❢ - ✐' ❛ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥✱ $❤❡♥ $❤❡ ❝❛♥♦♥✐❝❛❧ '✉-❥❡❝$✐♦♥ r : X→ X/ ∼✱
❛❧'♦ -❡❢❡--❡❞ $♦ ❛' $❤❡ %❛♥❦ ❢✉♥❝(✐♦♥ ♦❢ -✱ ✐' ❛♥ ♦-❞❡-✲♣-❡'❡-✈✐♥❣ ♠❛♣ ❢-♦♠ X $♦ X/ ∼
✭❧✐♥❡❛-❧② ♦-❞❡-❡❞ ❜② ⊑:=- / ∼✮✱ ❛♥❞ ✇❡ ❤❛✈❡ x - y ⇐⇒ r (x) ⊑ r (y)✳ ❚❤✉'✱ -
✐' -❡♣-❡'❡♥$❡❞ ❜② ❛♥ ♦-❞❡-✲♣-❡'❡-✈✐♥❣ ❢✉♥❝$✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐$ ✐' ❛ ♣-❡❢❡-❡♥❝❡ -❡❧❛$✐♦♥✱
❛♥❞ ✐♥ $❤✐' ❝❛'❡ - ✐' -❡♣-❡'❡♥$❡❞ ❜② r✳
✸✳✷✳ ❆①✐♦♠+ ♣❡!(❛✐♥✐♥❣ (♦ ♣!❡❢❡!❡♥❝❡ ♠♦❞❡❧❧✐♥❣✳ ■♥ $❤✐' '✉❜'❡❝$✐♦♥ ✇❡ -❡❝❛❧❧
'♦♠❡ ♣-♦♣❡-$✐❡' ♦❢ -❡❧❛$✐♦♥' ✉'❡❞ ✐♥ $❤❡ ❛①✐♦♠❛$✐❝ ❛♣♣-♦❛❝❤ ❞✐'❝✉''❡❞ ✐♥ ❬✷✷✱ ✷✺❪❀ ❤❡-❡
✇❡ ✇✐❧❧ ❛❞♦♣$ $❤❡ '❛♠❡ $❡-♠✐♥♦❧♦❣② ❡✈❡♥ ✐❢ ✐$' ♠♦$✐✈❛$✐♦♥ ♦♥❧② ♠❛❦❡' '❡♥'❡ ✐♥ $❤❡ -❡❛❧♠
♦❢ ❞❡❝✐'✐♦♥ ♠❛❦✐♥❣ ✉♥❞❡- ✉♥❝❡-$❛✐♥$②✳ ❲❡ ❛❧'♦ ✐♥$-♦❞✉❝❡ '♦♠❡ ✈❛-✐❛♥$'✱ ❛♥❞ ♣-❡'❡♥$
❝♦♥♥❡❝$✐♦♥' ❜❡$✇❡❡♥ $❤❡♠✳
❋✐-'$✱ ❢♦- x,y ∈ X ❛♥❞ A ⊆ [n]✱ ❧❡$ xAy ❞❡♥♦$❡ $❤❡ $✉♣❧❡ ✐♥ X ✇❤♦'❡ i✲$❤ ❝♦♠♣♦♥❡♥$
✐' xi ✐❢ i ∈ A ❛♥❞ yi ♦$❤❡-✇✐'❡✳ ▼♦-❡♦✈❡-✱ ❧❡$ 0 ❛♥❞ 1 ❞❡♥♦$❡ $❤❡ ❜♦$$♦♠ ❛♥❞ $❤❡ $♦♣
♦❢ X✱ -❡'♣❡❝$✐✈❡❧②✳
❲❡ ❝♦♥'✐❞❡- $❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠'✳ ❚❤❡ ♦♣(✐♠✐*♠ ❛①✐♦♠ ❬✷✻❪ ✐'
∀x,y ∈ X, ∀A ⊆ [n] : xAy ≺ x =⇒ x - yAx,✭❖T❚✮
✇❤✐❝❤ '✉❜'✉♠❡'
✶
$✇♦ ✐♥'$❛♥❝❡' ♦❢ ✐♥$❡-❡'$✱ ♥❛♠❡❧②✱
∀x ∈ X, ∀A ⊆ [n] : xA0 ≺ x =⇒ x - 0Ax,✭❖T❚′✮
∀x,y ∈ X, k ∈ [n] , a ∈ Xk : x
0
k ≺ x
a
k =⇒ x
a
k - y
a
k.✭❖T❚1✮
✶
❋♦" ✭❖%❚✮ =⇒ ✭❖%❚1✮✱ ❥✉+, ,❛❦❡ x = xak✱ y = y
0
k
❛♥❞ A = [n] \ {k}✳
◆♦"❡ "❤❛" ✉♥❞❡) ✭+✮ "❤❡ ❝♦♥❝❧✉/✐♦♥ ♦❢ ✭❖+❚
′
✮ ✐/ ❡4✉✐✈❛❧❡♥" "♦ x ∼ 0Ax✳ ❙✐♠✐❧❛)❧②✱ "❤❡
❝♦♥❝❧✉/✐♦♥ ♦❢ ✭❖+❚1✮ ❝♦✉❧❞ ❜❡ )❡♣❧❛❝❡❞ ❜② x
a
k ∼ 0
a
k✳ ❚❤❡ ♥❛♠❡ ♦♣"✐♠✐/♠ ✐/ ❥✉/"✐✜❡❞
❝♦♥/✐❞❡)✐♥❣ "❤❡ ❝❛/❡ ✇❤❡)❡ x = 1 ❛♥❞ y = 0✳ ❚❤❡♥ ✭❖+❚✮ )❡❛❞/ A ≺ [n] ✐♠♣❧✐❡/
[n] - [n] \A ✭❢✉❧❧ ")✉/" ✐♥ A ♦) [n] \A✱ ❛♥ ♦♣"✐♠✐/"✐❝ ❛♣♣)♦❛❝❤ "♦ ✉♥❝❡)"❛✐♥"②✮✳
❉✉❛❧ "♦ ♦♣"✐♠✐/♠ ✇❡ ❤❛✈❡ "❤❡ ♣❡""✐♠✐"♠ ❛①✐♦♠
∀x,y ∈ X, ∀A ⊆ [n] : xAy ≻ x =⇒ x % yAx,✭+❊❙❙✮
✇❤✐❝❤ /✉❜/✉♠❡/ "❤❡ "✇♦ ❞✉❛❧ ✐♥/"❛♥❝❡/
∀x ∈ X, ∀A ⊆ [n] : xA1 ≻ x =⇒ x % 1Ax,✭+❊❙❙′✮
∀x,y ∈ X, k ∈ [n] , a ∈ Xk : x
1
k ≻ x
a
k =⇒ x
a
k % y
a
k.✭+❊❙❙1✮
❆❣❛✐♥✱ ✉♥❞❡) ✭+✮✱ "❤❡ ❝♦♥❝❧✉/✐♦♥/ ♦❢ ✭+❊❙❙
′
✮ ❛♥❞ ✭+❊❙❙1✮ ❛)❡ ❡4✉✐✈❛❧❡♥" "♦ x ∼ 1Ax
❛♥❞ xak ∼ 1
a
k✱ )❡/♣❡❝"✐✈❡❧②✳ ❲❤❡♥ x = 0 ❛♥❞ y = 1✱ ✭+❊❙❙✮ )❡❛❞/ [n] \ A ≻ ∅ ✐♠♣❧✐❡/
∅ % A ✭❢✉❧❧ ❞✐/")✉/" ✐♥ A ♦) [n] \A✱ ❛ ♣❡//✐♠✐/"✐❝ ❛♣♣)♦❛❝❤ "♦ ✉♥❝❡)"❛✐♥"②✮✳
❲❡ ✇✐❧❧ ❛❧/♦ ❝♦♥/✐❞❡) "❤❡ ❞✐"❥✉♥❝*✐✈❡ ❛♥❞ ❝♦♥❥✉♥❝*✐✈❡ ❛①✐♦♠/
∀y, z ∈ X : y ∨ z ∼ y ♦) y ∨ z ∼ z,✭∨✮
∀y, z ∈ X : y ∧ z ∼ y ♦) y ∧ z ∼ z.✭∧✮
▼♦)❡♦✈❡)✱ ✇❡ ❤❛✈❡ "❤❡ /♦✲❝❛❧❧❡❞ ❞✐"❥✉♥❝*✐✈❡ ❞♦♠✐♥❛♥❝❡ ❛♥❞ "*.✐❝* ❞✐"❥✉♥❝*✐✈❡ ❞♦♠✐✲
♥❛♥❝❡
∀x,y, z ∈ X : x % y, x % z =⇒ x % y ∨ z,✭❉❉%✮
∀x,y, z ∈ X : x ≻ y, x ≻ z =⇒ x ≻ y ∨ z,✭❉❉≻✮
❛/ ✇❡❧❧ ❛/ "❤❡✐) ❞✉❛❧ ❝♦✉♥"❡)♣❛)"/✱ ❝♦♥❥✉♥❝*✐✈❡ ❞♦♠✐♥❛♥❝❡ ❛♥❞ "*.✐❝* ❝♦♥❥✉♥❝*✐✈❡ ❞♦♠✐✲
♥❛♥❝❡
∀x,y, z ∈ X : y % x, z % x =⇒ y ∧ z % x,✭❈❉%✮
∀x,y, z ∈ X : y ≻ x, z ≻ x =⇒ y ∧ z ≻ x.✭❈❉≻✮
❚❤❡♦$❡♠ ✸✳✶✳ ■❢ - ✐" ❛ ♣.❡❢❡.❡♥❝❡ .❡❧❛*✐♦♥✱ *❤❡♥ ❛①✐♦♠" ✭❖+❚✮✱ ✭❖+❚′✮✱ ✭❖+❚1✮✱
✭∨✮✱ ✭❉❉%✮ ❛♥❞ ✭❉❉≻✮ ❛.❡ ♣❛✐.✇✐"❡ ❡7✉✐✈❛❧❡♥*✳
9.♦♦❢✳ ❲❡ ♣)♦✈❡ "❤❡ "❤❡♦)❡♠ ❜② ❡/"❛❜❧✐/❤✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ /✐① ✐♠♣❧✐❝❛"✐♦♥/✿
(❖+❚′) =⇒ (❖+❚) =⇒ (❖+❚1) =⇒ (∨)
=⇒ (❉❉%) =⇒ (❉❉≻) =⇒ (❖+❚
′).
◆♦"❡ "❤❛" "❤❡ ✐♠♣❧✐❝❛"✐♦♥ (∨) =⇒ (❉❉%) ✐/ ")✐✈✐❛❧✱ ❛♥❞ )❡❝❛❧❧ "❤❛" ✭❖+❚1✮ ✐/ ❥✉/"
❛ /♣❡❝✐❛❧ ❝❛/❡ ♦❢ ✭❖+❚✮✳ ❚❤✉/✱ ✇❡ ♦♥❧② ♥❡❡❞ "♦ ♣)♦✈❡ "❤❡ ❢♦✉) ✐♠♣❧✐❝❛"✐♦♥/ ❜❡❧♦✇✳
(❖+❚′) =⇒ (❖+❚)✿ ❙✉♣♣♦/❡ "❤❛" xAy ≺ x✳ ❇② "❤❡ +❛)❡"♦ ♣)♦♣❡)"② ✇❡ ❤❛✈❡
xA0 - xAy✱ ❛♥❞ "❤❡♥ xA0 ≺ x ❢♦❧❧♦✇/ ❜② "❤❡ ")❛♥/✐"✐✈✐"② ♦❢ -✳ ❆♣♣❧②✐♥❣ ✭❖+❚′✮ ❛♥❞
✭+✮✱ ✇❡ ♦❜"❛✐♥ x - 0Ax - yAx✱ ❛♥❞ "❤❡♥ x - yAx ❢♦❧❧♦✇/ ❛❣❛✐♥ ❢)♦♠ ")❛♥/✐"✐✈✐"②✳
(❖+❚1) =⇒ (∨)✿ ▲❡" ✉/ /✉♣♣♦/❡ "❤❛" y ∨ z ≁ z❀ ✇❡ ✇✐❧❧ ♣)♦✈❡ ✉/✐♥❣ ✭❖+❚1✮ "❤❛"
y∨z ∼ y✳ ❋)♦♠ ✭+✮ ✇❡ /❡❡ "❤❛" z - y∨z✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ z ≺ y∨z ❜② ♦✉) ❛//✉♠♣"✐♦♥✳
■❢ A = {i ∈ [n] : yi > zi}✱ "❤❡♥ ♦❜✈✐♦✉/❧② yAz = y ∨ z✳ ▲❡" ℓ ❞❡♥♦"❡ "❤❡ ❝❛)❞✐♥❛❧✐"② ♦❢
A✱ ❧❡" A = {i1, . . . , iℓ}✱ ❛♥❞ ❞❡✜♥❡ "❤❡ /❡"/ Aj := {i1, . . . , ij} ❢♦) j = 1, . . . , ℓ✳ ❯/✐♥❣ "❤❡
+❛)❡"♦ ♣)♦♣❡)"②✱ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ✐♥❡4✉❛❧✐"✐❡/✿
z - yA1z - · · · - yAℓz = y ∨ z.
❙✐♥❝❡ z ≺ y ∨ z✱ ❛" ❧❡❛/" ♦♥❡ ♦❢ "❤❡ ❛❜♦✈❡ ✐♥❡4✉❛❧✐"✐❡/ ✐/ /")✐❝"✳ ■❢ "❤❡ s✲"❤ ✐♥❡4✉❛❧✐"② ✐/
"❤❡ ❧❛/" /")✐❝" ♦♥❡✱ "❤❡♥
✭✽✮ z - yA1z - · · · - yAs−1z ≺ yAsz ∼ · · · ∼ yAℓz = y ∨ z.
❚♦ /✐♠♣❧✐❢② ♥♦"❛"✐♦♥✱ ❧❡" ✉/ ♣✉" x = yAs−1z✱ k = is ❛♥❞ a = yk✳ ❚❤❡♥ ✇❡ ❤❛✈❡
x0k - x = yAs−1z ≺ yAsz = x
a
k✱ ❤❡♥❝❡ x
a
k - y
a
k ❢♦❧❧♦✇/ ❢)♦♠ ✭❖+❚1✮✳ ❖♥ "❤❡ ♦"❤❡)
❤❛♥❞✱ ✇❡ /❡❡ ❢)♦♠ ✭✽✮ "❤❛" yAsz ∼ y ∨ z✱ "❤❡)❡❢♦)❡
y ∨ z ∼ yAsz = x
a
k - y
a
k = y - y ∨ z,
✇❤❡#❡ $❤❡ ❧❛'$ ✐♥❡*✉❛❧✐$② ✐' ❥✉'$✐✜❡❞ ❜② ✭2✮✳ ❙✐♥❝❡ - ✐' ❛ ✇❡❛❦ ♦#❞❡#✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡
$❤❛$ y ∨ z ∼ y✳
(❉❉%) =⇒ (❉❉≻)✿ ❆''✉♠❡ $❤❛$ x ≻ y,x ≻ z✳ ❙✐♥❝❡ - ✐' ❝♦♠♣❧❡$❡✱ ✇❡ ❝❛♥
'✉♣♣♦'❡ ✇✐$❤♦✉$ ❧♦'' ♦❢ ❣❡♥❡#❛❧✐$② $❤❛$ y % z✳ ❇② #❡✢❡①✐✈✐$②✱ ✇❡ ❛❧'♦ ❤❛✈❡ y % y✱ ❤❡♥❝❡
✐$ ❢♦❧❧♦✇' ❢#♦♠ ✭❉❉%✮ $❤❛$ y % y∨z✳ ❙✐♥❝❡ x ≻ y✱ ✇❡ ♦❜$❛✐♥ x ≻ y ∨ z ❜② $#❛♥'✐$✐✈✐$②✳
(❉❉≻) =⇒ (❖2❚
′)✿ 2✉$$✐♥❣ y = xA0 ❛♥❞ z = 0Ax✱ ✇❡ ❝❧❡❛#❧② ❤❛✈❡ y ∨ z = x✳ ■❢
x ≻ y ❛♥❞ x ≻ z✱ $❤❡♥ ✭❉❉≻✮ ✐♠♣❧✐❡' x ≻ y ∨ z✱ ✇❤✐❝❤ ✐' ❛ ❝♦♥$#❛❞✐❝$✐♦♥✳ ❚❤❡#❡❢♦#❡✱
✇❡ ♠✉'$ ❤❛✈❡ x ⊁ y ♦# x ⊁ z✳ ❚❤✐' '❤♦✇' $❤❛$ x ≻ y =⇒ x ⊁ z =⇒ x - z✱ ✇❤❡#❡
$❤❡ '❡❝♦♥❞ ✐♠♣❧✐❝❛$✐♦♥ ❤♦❧❞' ❜❡❝❛✉'❡ - ✐' ❝♦♠♣❧❡$❡✳ ❚❤✉' ✇❡ ❤❛✈❡ y ≺ x =⇒ x - z✱
❛♥❞ $❤✐' ✐' ❡①❛❝$❧② ✇❤❛$ ✭❖2❚
′
✮ ❛''❡#$'✳ 
❉✉❛❧❧②✱ ✇❡ ❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ #❡'✉❧$ ✇❤✐❝❤ ❡'$❛❜❧✐'❤❡' $❤❡ ♣❛✐#✇✐'❡ ❡*✉✐✈❛❧❡♥❝❡ ❜❡✲
$✇❡❡♥ $❤❡ #❡♠❛✐♥✐♥❣ ❛①✐♦♠'✳
❚❤❡♦$❡♠ ✸✳✷✳ ■❢ - ✐# ❛ ♣&❡❢❡&❡♥❝❡ &❡❧❛+✐♦♥✱ +❤❡♥ ❛①✐♦♠# ✭2❊❙❙✮✱ ✭2❊❙❙′✮✱ ✭2❊❙❙1✮✱
✭∧✮✱ ✭❈❉%✮ ❛♥❞ ✭❈❉≻✮ ❛&❡ ♣❛✐&✇✐#❡ ❡3✉✐✈❛❧❡♥+✳
✸✳✸✳ )$❡❢❡$❡♥❝❡ $❡❧❛/✐♦♥1 ✐♥❞✉❝❡❞ ❜② ♣♦11✐❜✐❧✐/② ❛♥❞ ♥❡❝❡11✐/② ♠❡❛1✉$❡1✳ ■♥
$❤✐' '✉❜'❡❝$✐♦♥ ✇❡ ♣#❡'❡♥$ '♦♠❡ ♣#❡❧✐♠✐♥❛#② #❡'✉❧$' $♦✇❛#❞' $❤❡ ❛①✐♦♠❛$✐③❛$✐♦♥ ♦❢ ♣#❡❢✲
❡#❡♥❝❡ #❡❧❛$✐♦♥' #❡♣#❡'❡♥$❡❞ ❜② ❙✉❣❡♥♦ ✉$✐❧✐$② ❢✉♥❝$✐♦♥❛❧' ✭'❡❡ ❚❤❡♦#❡♠ ✸✳✻✮✳ ▼♦#❡
♣#❡❝✐'❡❧②✱ ✇❡ ✜#'$ ♦❜$❛✐♥ ❛♥ ❛①✐♦♠❛$✐③❛$✐♦♥ ♦❢ #❡❧❛$✐♦♥' #❡♣#❡'❡♥$❡❞ ❜② ❙✉❣❡♥♦ ✉$✐❧✐$②
❢✉♥❝$✐♦♥❛❧' ❛''♦❝✐❛$❡❞ ✇✐$❤ ♣♦''✐❜✐❧✐$② ♠❡❛'✉#❡' ✭✇❡✐❣❤$❡❞ ❞✐'❥✉♥❝$✐♦♥ ♦❢ ✉$✐❧✐$② ❢✉♥❝✲
$✐♦♥'✮✳
❚❤❡♦$❡♠ ✸✳✸✳ ❆ ♣&❡❢❡&❡♥❝❡ &❡❧❛+✐♦♥ - #❛+✐#✜❡# ♦♥❡ ✭♦&✱ ❡3✉✐✈❛❧❡♥+❧②✱ ❛❧❧✮ ♦❢ +❤❡ ❛①✲
✐♦♠# ✐♥ ❚❤❡♦&❡♠ ✸✳✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢ +❤❡&❡ ❛&❡ ❧♦❝❛❧ ✉+✐❧✐+② ❢✉♥❝+✐♦♥# ϕi✱ i ∈ [n]✱ ❛♥❞
❛ ♣♦##✐❜✐❧✐+② ♠❡❛#✉&❡ µ✱ #✉❝❤ +❤❛+ - ✐# &❡♣&❡#❡♥+❡❞ ❜② +❤❡ ❙✉❣❡♥♦ ✉+✐❧✐+② ❢✉♥❝+✐♦♥❛❧
f = qµ(ϕ1, . . . , ϕn)✳
C&♦♦❢✳ ❋✐#'$ ❧❡$ ✉' ❛''✉♠❡ $❤❛$ - ✐' #❡♣#❡'❡♥$❡❞ ❜② ❛ ❙✉❣❡♥♦ ✉$✐❧✐$② ❢✉♥❝$✐♦♥❛❧ f =
qµ(ϕ1, . . . , ϕn)✱ ✇❤❡#❡ µ ✐' ❛ ♣♦''✐❜✐❧✐$② ♠❡❛'✉#❡✳ ❆' ♦❜'❡#✈❡❞ ✐♥ ❙✉❜'❡❝$✐♦♥ ✷✳✷✱ f ❝❛♥
❜❡ ❡①♣#❡''❡❞ ❛' ❛ ✇❡✐❣❤$❡❞ ❞✐'❥✉♥❝$✐♦♥✿
f (x) =
∨
i∈[n]
(
µ (i) ∧ ϕi (xi)
)
.
❯'✐♥❣ $❤❡ ❢❛❝$ $❤❛$ ❡❛❝❤ ϕi ✐' ♦#❞❡#✲♣#❡'❡#✈✐♥❣ ❛♥❞ Y ✐' ❛ ❝❤❛✐♥✱ ✇❡ ❝❛♥ ✈❡#✐❢② $❤❛$ f
❝♦♠♠✉$❡' ✇✐$❤ $❤❡ ❥♦✐♥ ♦♣❡#❛$✐♦♥ ♦❢ $❤❡ ❧❛$$✐❝❡ X✿
f (y ∨ z) =
∨
i∈[n]
(
µ (i) ∧ ϕi (yi ∨ zi)
)
=
∨
i∈[n]
(
µ (i) ∧ (ϕi (yi) ∨ ϕi (zi))
)
=
∨
i∈[n]
(
µ (i) ∧ ϕi (yi)
)
∨
∨
i∈[n]
(
µ (i) ∧ ϕi (zi)
)
= f (y) ∨ f (z) .
❙✐♥❝❡ $❤❡ ♦#❞❡#✐♥❣ ♦♥ Y ✐' ❝♦♠♣❧❡$❡✱ ✇❡ ❤❛✈❡ f (y ∨ z) ∈ {f (y) , f (z)}✱ ❛♥❞ $❤✐' ✐♠♣❧✐❡'
$❤❛$ y ∨ z ∼ y ♦# y ∨ z ∼ z ❢♦# ❛❧❧ y, z ∈ X✱ ✐✳❡✳✱ - '❛$✐'✜❡' ✭∨✮✳
◆♦✇ ❧❡$ ✉' ❛''✉♠❡ $❤❛$ - '❛$✐'✜❡' ✭∨✮✱ ❛♥❞ ❧❡$ Y = X/ ∼✳ ❯'✐♥❣ $❤❡ #❛♥❦ ❢✉♥❝$✐♦♥
r ♦❢ -✱ ✇❡ ❞❡✜♥❡ ❛ '❡$ ❢✉♥❝$✐♦♥ µ : P ([n]) → Y ❜② µ (I) = r (1I0) ❛♥❞ ❛ ✉♥❛#② ♠❛♣
ϕi : Xi → Y ❜② ϕi (a) = r (0
a
i ) ❢♦# ❡❛❝❤ i ∈ [n]✳ ❚❤❡ 2❛#❡$♦ ❝♦♥❞✐$✐♦♥ ❡♥'✉#❡' $❤❛$ µ
❛♥❞ ❡❛❝❤ ϕi✱ i ∈ [n]✱ ❛#❡ ❛❧❧ ♦#❞❡#✲♣#❡'❡#✈✐♥❣❀ ♠♦#❡♦✈❡#✱ µ ✐' ❛ ❝❛♣❛❝✐$②✱ '✐♥❝❡ 0 ❛♥❞ 1
❤❛✈❡ $❤❡ ❧❡❛'$ ❛♥❞ ❣#❡❛$❡'$ #❛♥❦✱ #❡'♣❡❝$✐✈❡❧②✳
❈♦♥❞✐$✐♦♥ ✭∨✮ ❝❛♥ ❜❡ #❡❢♦#♠✉❧❛$❡❞ ✐♥ $❡#♠' ♦❢ $❤❡ #❛♥❦ ❢✉♥❝$✐♦♥ ❛'
✭✾✮ ∀y, z ∈ X : r (y ∨ z) = r (y) ∨ r (z) ,
❛♥❞ $❤✐' ✐♠♠❡❞✐❛$❡❧② ✐♠♣❧✐❡' $❤❛$ µ ✐' ❛ ♣♦''✐❜✐❧✐$② ♠❡❛'✉#❡✳ ❚❤❡#❡❢♦#❡✱ ❛' ♦❜'❡#✈❡❞ ✐♥
❙✉❜'❡❝$✐♦♥ ✷✳✷✱ $❤❡ ❙✉❣❡♥♦ ✉$✐❧✐$② ❢✉♥❝$✐♦♥❛❧ f := qµ(ϕ1, . . . , ϕn) ❝❛♥ ❜❡ ✇#✐$$❡♥ ❛'
f (x) =
∨
i∈[n]
(
µ (i) ∧ ϕi (xi)
)
=
∨
i∈[n]
(
r
(
01i
)
∧ r (0xii )
)
,
 ✐♥❝❡ µ (i) = r (1 {i}0) = r
(
01i
)
✳ ❇② (❤❡ *❛,❡(♦ ❝♦♥❞✐(✐♦♥✱ ✇❡ ❤❛✈❡ 01i % 0
xi
i ✱ ❤❡♥❝❡
r
(
01i
)
∧ r (0xii ) = r (0
xi
i )✱ ❛♥❞ (❤✉ f (x) (❛❦❡ (❤❡ ❢♦,♠
f (x) =
∨
i∈[n]
r (0xii ) .
❆♣♣❧②✐♥❣ ✭✾✮ ,❡♣❡❛(❡❞❧②✱ ❛♥❞ (❛❦✐♥❣ ✐♥(♦ ❛❝❝♦✉♥( (❤❛( x =
∨
i∈[n] 0
xi
i ✱ ✇❡ ❝♦♥❝❧✉❞❡ (❤❛(
f (x) = r (x)✳ ❆ ♦❜ ❡,✈❡❞ ✐♥ ❙✉❜ ❡❝(✐♦♥ ✸✳✶✱ r ,❡♣,❡ ❡♥( -✱ ❛♥❞ (❤✉ - ✐ ,❡♣,❡ ❡♥(❡❞
❜② (❤❡ ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(♦♥ f ❝♦,,❡ ♣♦♥❞✐♥❣ (♦ (❤❡ ♣♦  ✐❜✐❧✐(② ♠❡❛ ✉,❡ µ✳ 
❘❡♠❛$❦ ✸✳✹✳ ◆♦(❡ (❤❛( (❤❡ ❛❜♦✈❡ (❤❡♦,❡♠ ❞♦❡ ♥♦(  (❛(❡ (❤❛( ❡✈❡"② ❙✉❣❡♥♦ ✉(✐❧✐(②
❢✉♥❝(✐♦♥❛❧ ,❡♣,❡ ❡♥(✐♥❣ ❛ ♣,❡❢❡,❡♥❝❡ ,❡❧❛(✐♦♥ (❤❛(  ❛(✐ ✜❡ (❤❡ ❝♦♥❞✐(✐♦♥ ♦❢ ❚❤❡♦,❡♠ ✸✳✶
❝♦,,❡ ♣♦♥❞ (♦ ❛ ♣♦  ✐❜✐❧✐(② ♠❡❛ ✉,❡✳ ❆ ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥ ✐❞❡, (❤❡ ❝❛ ❡ n = 2 ✇✐(❤
X1 = X2 = {0, 1} ❛♥❞ Y = {0, a, b, 1}✱ ✇❤❡,❡ 0 < a < b < 1✳ ▲❡( ✉ ❞❡✜♥❡ ❧♦❝❛❧ ✉(✐❧✐(②
❢✉♥❝(✐♦♥ ϕi : Xi → Y (i = 1, 2) ❜②
ϕ1 (0) = 0, ϕ1 (1) = b, ϕ2 (0) = a, ϕ2 (1) = 1,
❛♥❞ ❧❡( µ ❜❡ (❤❡ ❝❛♣❛❝✐(② ♦♥ {1, 2} ❣✐✈❡♥ ❜②
µ (∅) = 0, µ ({1}) = a, µ ({2}) = b, µ ({1, 2}) = 1.
■( ✐ ❡❛ ② (♦  ❡❡ (❤❛( µ ✐ ♥♦( ❛ ♣♦  ✐❜✐❧✐(② ♠❡❛ ✉,❡✱ ❜✉( (❤❡ ♣,❡❢❡,❡♥❝❡ ,❡❧❛(✐♦♥ - ♦♥
X1 × X2 ,❡♣,❡ ❡♥(❡❞ ❜② f := qµ(ϕ1, ϕ2) ❝❧❡❛,❧②  ❛(✐ ✜❡ ✭∨✮✱  ✐♥❝❡ (0, 0) ∼ (1, 0) ≺
(0, 1) ∼ (1, 1) . ❖♥ (❤❡ ♦(❤❡, ❤❛♥❞✱ (❤❡  ❛♠❡ ,❡❧❛(✐♦♥ ❝❛♥ ❜❡ ,❡♣,❡ ❡♥(❡❞ ❜② (❤❡  ❡❝♦♥❞
♣,♦❥❡❝(✐♦♥ (x1, x2) 7→ x2 ♦♥ {0, 1}
✷
✱ ✇❤✐❝❤ ✐ ✐♥ ❢❛❝( ❛ ❙✉❣❡♥♦ ✐♥(❡❣,❛❧ ✇✐(❤ ,❡ ♣❡❝( (♦
❛ ♣♦  ✐❜✐❧✐(② ♠❡❛ ✉,❡  ❛(✐ ❢②✐♥❣ 0 = µ(∅) = µ({1}) ❛♥❞ µ({2}) = µ({1, 2}) = 1✳
❈♦♥❝❡,♥✐♥❣ ♥❡❝❡  ✐(② ♠❡❛ ✉,❡ ✱ ❜② ❞✉❛❧✐(②✱ ✇❡ ❤❛✈❡ (❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛,❛❝(❡,✐③❛(✐♦♥ ♦❢
(❤❡ ✇❡✐❣❤(❡❞ ❝♦♥❥✉♥❝(✐♦♥ ♦❢ ✉(✐❧✐(② ❢✉♥❝(✐♦♥ ✳
❚❤❡♦$❡♠ ✸✳✺✳ ❆ ♣"❡❢❡"❡♥❝❡ "❡❧❛+✐♦♥ - .❛+✐.✜❡. ♦♥❡ ✭♦"✱ ❡2✉✐✈❛❧❡♥+❧②✱ ❛❧❧✮ ♦❢ +❤❡ ❛①✲
✐♦♠. ✐♥ ❚❤❡♦"❡♠ ✸✳✷ ✐❢ ❛♥❞ ♦♥❧② ✐❢ +❤❡"❡ ❛"❡ ❧♦❝❛❧ ✉+✐❧✐+② ❢✉♥❝+✐♦♥. ϕi✱ i ∈ [n]✱ ❛♥❞
❛ ♥❡❝❡..✐+② ♠❡❛.✉"❡ µ✱ .✉❝❤ +❤❛+ - ✐. "❡♣"❡.❡♥+❡❞ ❜② +❤❡ ❙✉❣❡♥♦ ✉+✐❧✐+② ❢✉♥❝+✐♦♥❛❧
f = qµ(ϕ1, . . . , ϕn)✳
✸✳✹✳ ❆①✐♦♠❛0✐③❛0✐♦♥3 ♦❢ ♣$❡❢❡$❡♥❝❡ $❡❧❛0✐♦♥3 $❡♣$❡3❡♥0❡❞ ❜② ❙✉❣❡♥♦ ✉0✐❧✐0②
❢✉♥❝0✐♦♥❛❧3✳ ❘❡❝❛❧❧ (❤❛( - ✐ ❛ ♣,❡❢❡,❡♥❝❡ ,❡❧❛(✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ - ✐ ,❡♣,❡ ❡♥(❡❞ ❜②
❛♥ ♦,❞❡,✲♣,❡ ❡,✈✐♥❣ ❢✉♥❝(✐♦♥ ✈❛❧✉❡❞ ✐♥  ♦♠❡ ❝❤❛✐♥ ✭❢♦, ✐♥ (❛♥❝❡✱ ❜② ✐( ,❛♥❦ ❢✉♥❝(✐♦♥✮✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ,❡ ✉❧( (❤❛( ❞,❛✇ ❢,♦♠ ❚❤❡♦,❡♠ ✷✳✶✷ ✭❛♥❞ ✇❤♦ ❡ ✐♥(❡,♣,❡(❛(✐♦♥ ✇❛ ❣✐✈❡♥
✐♠♠❡❞✐❛(❡❧② ❛❢(❡,✮ ❛①✐♦♠❛(✐③❡ (❤♦ ❡ ♣,❡❢❡,❡♥❝❡ ,❡❧❛(✐♦♥ ,❡♣,❡ ❡♥(❡❞ ❜② ❣❡♥❡,❛❧ ❙✉❣❡♥♦
✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧ ✳
❚❤❡♦$❡♠ ✸✳✻✳ ❆ ♣"❡❢❡"❡♥❝❡ "❡❧❛+✐♦♥ - ♦♥ X ❝❛♥ ❜❡ "❡♣"❡.❡♥+❡❞ ❜② ❛ ❙✉❣❡♥♦ ✉+✐❧✐+②
❢✉♥❝+✐♦♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✭✶✵✮ x0k ≺ x
a
k ❛♥❞ y
a
k ≺ y
1
k =⇒ x
a
k - y
a
k
❤♦❧❞. ❢♦" ❛❧❧ x,y ∈ X ❛♥❞ k ∈ [n]✱ a ∈ Xk✳
A"♦♦❢✳ ❋,♦♠ ❚❤❡♦,❡♠ ✷✳✶✷ ✐( ❢♦❧❧♦✇ (❤❛( r ✐ ❛ ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✭✶✵✮ ❤♦❧❞ ✳ ❚❤✉ ✱ (♦ ♣,♦✈❡ ❚❤❡♦,❡♠ ✸✳✻✱ ✐( ✐ ❡♥♦✉❣❤ (♦ ✈❡,✐❢② (❤❛( - ❝❛♥ ❜❡ ,❡♣,❡ ❡♥(❡❞
❜② ❛ ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r ✐ ❛ ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧✳
❚❤❡  ✉✣❝✐❡♥❝② ✐ ♦❜✈✐♦✉ ✳ ❋♦, (❤❡ ♥❡❝❡  ✐(②✱ ❧❡( ✉ ❛  ✉♠❡ (❤❛( - ✐ ,❡♣,❡ ❡♥(❡❞ ❜②
❛ ❙✉❣❡♥♦ ✉(✐❧✐(② ❢✉♥❝(✐♦♥❛❧ f : X → Y ♦❢ (❤❡ ❢♦,♠ f = qµ(ϕ1, . . . , ϕn)✳ ❋✉,(❤❡,♠♦,❡✱
✇❡ ♠❛② ❛  ✉♠❡ (❤❛( f ✐  ✉,❥❡❝(✐✈❡✳
❙✐♥❝❡ r ❛❧ ♦ ,❡♣,❡ ❡♥( -✱ ✇❡ ❤❛✈❡ f (x) ≤ f (y) ⇐⇒ r (x) ⊑ r (y)✱ ❛♥❞ ❤❡♥❝❡ (❤❡
♠❛♣♣✐♥❣ α : Y → X/ ∼ ❣✐✈❡♥ ❜② α(f (x)) = r (x) ✐ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♦,❞❡,✲✐ ♦♠♦,♣❤✐ ♠
❜❡(✇❡❡♥ Y ❛♥❞ X/ ∼✳ ❆ α ✐ ♦,❞❡,✲♣,❡ ❡,✈✐♥❣✱ ✐( ❝♦♠♠✉(❡ ✇✐(❤ (❤❡ ❧❛((✐❝❡ ♦♣❡,❛(✐♦♥ 
∨ ❛♥❞ ∧✱ ❛♥❞ ❤❡♥❝❡
r (x) = α(f (x)) =
∨
I⊆[n]
(
α(µ (I)) ∧
∧
i∈I
α(ϕi (xi))
)
✷
❙✐♥❝❡ X/ ∼ ❤❛' (✇♦ ❡❧❡♠❡♥('✱ (❤✐' ✐' ❡''❡♥(✐❛❧❧② (❤❡ '❛♠❡ ❛' (❤❡ /❛♥❦ ❢✉♥❝(✐♦♥ r : X→ X/ ∼✳
❢♦" ❛❧❧ x ∈ X✳ ❙✐♥❝❡ α ✐+ ❛♥ ♦"❞❡"✲✐+♦♠♦"♣❤✐+♠✱ ❡❛❝❤ ❝♦♠♣♦+✐2✐♦♥ αϕi✱ i ∈ [n]✱ ✐+ ❛
❧♦❝❛❧ ✉2✐❧✐2② ❢✉♥❝2✐♦♥✱ ❛♥❞ 2❤❡ ❝♦♠♣♦+✐2✐♦♥ αµ ✐+ ❛ ❝❛♣❛❝✐2② ♦♥ [n]✳ ❚❤✉+ r ✐+ ✐♥❞❡❡❞ ❛
❙✉❣❡♥♦ ✉2✐❧✐2② ❢✉♥❝2✐♦♥❛❧✱ ♥❛♠❡❧②✱ r = αf = qαµ(αϕ1, . . . , αϕn)✳ 
✹✳ ❉▼❯ ✈$✳ ▼❈❉▼
■♥ ❬✷✺❪✱ ❉✉❜♦✐+✱ ?"❛❞❡ ❛♥❞ ❙❛❜❜❛❞✐♥✱ ❝♦♥+✐❞❡"❡❞ 2❤❡ @✉❛❧✐2❛2✐✈❡ +❡22✐♥❣ ✉♥❞❡" ✉♥❝❡"✲
2❛✐♥2②✱ ❛♥❞ ❛①✐♦♠❛2✐③❡❞ 2❤♦+❡ ♣"❡❢❡"❡♥❝❡ "❡❧❛2✐♦♥+ ♦♥ X = Xn 2❤❛2 ❝❛♥ ❜❡ "❡♣"❡+❡♥2❡❞
❜② +♣❡❝✐❛❧ ✭+2❛2❡✲✐♥❞❡♣❡♥❞❡♥2✮ ❙✉❣❡♥♦ ✉2✐❧✐2② ❢✉♥❝2✐♦♥❛❧+ f : X→ Y ♦❢ 2❤❡ ❢♦"♠
✭✶✶✮ f(x) = p(ϕ(x1), . . . , ϕ(xn)),
✇❤❡"❡ p : Y n → Y ✐+ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝2✐♦♥ ✭♦"✱ ❡@✉✐✈❛❧❡♥2❧②✱ ❛ ❙✉❣❡♥♦ ✐♥2❡❣"❛❧❀ +❡❡✱ ❡✳❣✳✱
❬✶✶✱ ✶✷❪✮✱ ❛♥❞ ϕ : X → Y ✐+ ❛ ✉2✐❧✐2② ❢✉♥❝2✐♦♥✳ ❚♦ ❣❡2 ✐2✱ 2✇♦ ❛❞❞✐2✐♦♥❛❧ ❛①✐♦♠+ ✭♠♦"❡
"❡+2"✐❝2✐✈❡ 2❤❛♥ ✭❉❉%✮ ❛♥❞ ✭❈❉%✮✮ ✇❡"❡ ❝♦♥+✐❞❡"❡❞✱ ♥❛♠❡❧②✱ 2❤❡ +♦✲❝❛❧❧❡❞  ❡"# ✐❝#✐✈❡
❞✐"❥✉♥❝#✐✈❡ ❞♦♠✐♥❛♥❝❡ ❛♥❞  ❡"# ✐❝#✐✈❡ ❝♦♥❥✉♥❝#✐✈❡ ❞♦♠✐♥❛♥❝❡ ✿
∀x,y, c ∈ X : x ≻ y, x ≻ c =⇒ x ≻ y ∨ c,✭❘❉❉✮
∀x,y, c ∈ X : y ≻ x, c ≻ x =⇒ y ∧ c ≻ x,✭❘❈❉✮
✇❤❡"❡ c ✐+ ❛ ❝♦♥+2❛♥2 2✉♣❧❡✳
❚❤❡♦$❡♠ ✹✳✶ ✭■♥ ❬✷✺❪✮✳ ❆ ♣ ❡❢❡ ❡♥❝❡  ❡❧❛#✐♦♥ - ♦♥ X = Xn ❝❛♥ ❜❡  ❡♣ ❡"❡♥#❡❞ ❜② ❛
"#❛#❡✲✐♥❞❡♣❡♥❞❡♥# ❙✉❣❡♥♦ ✉#✐❧✐#② ❢✉♥❝#✐♦♥❛❧ ✭✶✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐# "❛#✐"✜❡" ✭❘❉❉✮ ❛♥❞
✭❘❈❉✮✳
❈❧❡❛"❧②✱ ✭✶✶✮ ✐+ ❛ ♣❛"2✐❝✉❧❛" ❢♦"♠ ♦❢ ✭✸✮✱ ❛♥❞ 2❤✉+ ❡✈❡"② ♣"❡❢❡"❡♥❝❡ "❡❧❛2✐♦♥ - ♦♥ X =
Xn ✇❤✐❝❤ ✐+ "❡♣"❡+❡♥2❛❜❧❡ ❜② ✭✶✶✮ ✐+ ❛❧+♦ "❡♣"❡+❡♥2❛❜❧❡ ❜② ❛ ❙✉❣❡♥♦ ✉2✐❧✐2② ❢✉♥❝2✐♦♥❛❧
✭✸✮✳ ■♥ ♦2❤❡" ✇♦"❞+✱ ✇❡ ❤❛✈❡ 2❤❛2 ✭❘❉❉✮ ❛♥❞ ✭❘❈❉✮ ✐♠♣❧② ❝♦♥❞✐2✐♦♥ ✭✶✵✮✳ ❍♦✇❡✈❡"✱
❛+ 2❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ +❤♦✇+✱ 2❤❡ ❝♦♥✈❡"+❡ ✐+ ♥♦2 2"✉❡✳
❊①❛♠♣❧❡ ✹✳✷✳ ▲❡2 X = {1, 2, 3} = Y ❡♥❞♦✇❡❞ ✇✐2❤ 2❤❡ ♥❛2✉"❛❧ ♦"❞❡"✐♥❣ ♦❢ ✐♥2❡❣❡"+✱
❛♥❞ 2❤❡ ❝♦♥+✐❞❡" 2❤❡ ♣"❡❢❡"❡♥❝❡ "❡❧❛2✐♦♥ - ♦♥ X = X2 ✇❤♦+❡ ❡@✉✐✈❛❧❡♥❝❡ ❝❧❛++❡+ ❛"❡
[(3, 3)] = {(3, 3), (2, 3)},
[(3, 2)] = {(3, 2), (3, 1), (1, 3), (2, 2), (2, 1)},
[(1, 2)] = {(1, 2), (1, 1)}.
❚❤✐+ "❡❧❛2✐♦♥ ❞♦❡+ ♥♦2 +❛2✐+❢② ✭❘❉❉✮✱ ❡✳❣✳✱ 2❛❦❡ x = (2, 3)✱ y = (1, 3) ❛♥❞ c = (2, 2)
✭+✐♠✐❧❛"❧②✱ ✐2 ❞♦❡+ ♥♦2 +❛2✐+❢② ✭❘❈❉✮✮✱ ❛♥❞ 2❤✉+ ✐2 ❝❛♥♥♦2 ❜❡ "❡♣"❡+❡♥2❡❞ ❜② ❛ ❙✉❣❡♥♦
✉2✐❧✐2② ❢✉♥❝2✐♦♥❛❧ ✭✶✶✮✳ ❍♦✇❡✈❡"✱ ✇✐2❤ q(x1, x2) = (2∧x1)∨ (2∧x2)∨ (3∧x1 ∧x2)✱ ❛♥❞
ϕ1 = {(3, 3), (2, 3), (1, 1)} ❛♥❞ ϕ2 = {(3, 3), (2, 1), (1, 1)}✱ ✇❡ ❤❛✈❡ 2❤❛2 - ✐+ "❡♣"❡+❡♥2❡❞
❜② 2❤❡ ❙✉❣❡♥♦ ✉2✐❧✐2② ❢✉♥❝2✐♦♥❛❧ f(x1, x2) = q(ϕ1(x1), ϕ2(x2))✳
■♥ 2❤❡ ❝❛+❡ ♦❢ ♣"❡❢❡"❡♥❝❡ "❡❧❛2✐♦♥+ ✐♥❞✉❝❡❞ ❜② ♣♦++✐❜✐❧✐2② ❛♥❞ ♥❡❝❡++✐2② ♠❡❛+✉"❡+✱
❉✉❜♦✐+✱ ?"❛❞❡ ❛♥❞ ❙❛❜❜❛❞✐♥ ❬✷✻❪ ♦❜2❛✐♥❡❞ 2❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠❛2✐③❛2✐♦♥+✳
❚❤❡♦$❡♠ ✹✳✸ ✭■♥ ❬✷✻❪✮✳ ▲❡# - ❜❡ ❛ ♣ ❡❢❡ ❡♥❝❡  ❡❧❛#✐♦♥ ♦♥ X = Xn✳ ❚❤❡♥ #❤❡ ❢♦❧❧♦✇✐♥❣
❛""❡ #✐♦♥" ❤♦❧❞✳
✭✐✮ - "❛#✐"✜❡" ✭❖D❚✮ ❛♥❞ ✭❘❈❉✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ #❤❡ ❡ ❡①✐"# ❛ ✉#✐❧✐#② ❢✉♥❝#✐♦♥ ϕ
❛♥❞ ❛ ♣♦""✐❜✐❧✐#② ♠❡❛"✉ ❡ µ✱ "✉❝❤ #❤❛# - ✐"  ❡♣ ❡"❡♥#❡❞ ❜② #❤❡ ❙✉❣❡♥♦ ✉#✐❧✐#②
❢✉♥❝#✐♦♥❛❧ f = qµ(ϕ, . . . , ϕ)✳
✭✐✐✮ - "❛#✐"✜❡" ✭D❊❙❙✮ ❛♥❞ ✭❘❉❉✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ #❤❡ ❡ ❡①✐"# ❛ ✉#✐❧✐#② ❢✉♥❝#✐♦♥ ϕ
❛♥❞ ❛ ♥❡❝❡""✐#② ♠❡❛"✉ ❡ µ✱ "✉❝❤ #❤❛# - ✐"  ❡♣ ❡"❡♥#❡❞ ❜② #❤❡ ❙✉❣❡♥♦ ✉#✐❧✐#②
❢✉♥❝#✐♦♥❛❧ f = qµ(ϕ, . . . , ϕ)✳
❆❣❛✐♥✱ ❡✈❡"② ♣"❡❢❡"❡♥❝❡ "❡❧❛2✐♦♥ ✇❤✐❝❤ ✐+ "❡♣"❡+❡♥2❛❜❧❡ ❛+ ✐♥ ✭✐✮ ♦" ✭✐✐✮ ♦❢ ❚❤❡♦"❡♠ ✹✳✸✱
✐+ "❡♣"❡+❡♥2❛❜❧❡ ❛+ ✐♥ ❚❤❡♦"❡♠+ ✸✳✸ ❛♥❞ ✸✳✺✱ "❡+♣❡❝2✐✈❡❧②✳ ■♥ ♦2❤❡" ✇♦"❞+✱ ▼❈❉▼ ✐+ ❛2
❧❡❛+2 ❛+ ❡①♣"❡++✐✈❡ ❛+ ❉▼❯✳
◆♦✇ ♦♥❡ ❝♦✉❧❞ 2❤✐♥❦ 2❤❛2 ✐♥ 2❤❡+❡ ♠♦"❡ "❡+2"✐❝2✐✈❡ ♣♦++✐❜✐❧✐2② ❛♥❞ ♥❡❝❡++✐2② ❢"❛♠❡✲
✇♦"❦+ 2❤❡ ❡①♣"❡++✐✈❡ ♣♦✇❡" ♦❢ ❉▼❯ ❛♥❞ ▼❈❉▼ ✇♦✉❧❞ ❝♦✐♥❝✐❞❡✳ ❆+ 2❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡ +❤♦✇+✱ ▼❈❉▼ ✐+ ❛❣❛✐♥ +2"✐❝2❧② ♠♦"❡ ❡①♣"❡++✐✈❡ 2❤❛♥ ❉▼❯✳
❊①❛♠♣❧❡ ✹✳✹✳ ▲❡" ♦♥❝❡ ❛❣❛✐♥ X = {1, 2, 3} = Y ❡♥❞♦✇❡❞ ✇✐"❤ "❤❡ ♥❛"✉-❛❧ ♦-❞❡-✐♥❣
♦❢ ✐♥"❡❣❡-0✱ ❛♥❞ "❤❡ ❝♦♥0✐❞❡- "❤❡ ♣-❡❢❡-❡♥❝❡ -❡❧❛"✐♦♥ - ♦♥ X = X2 ✇❤♦0❡ ❡3✉✐✈❛❧❡♥❝❡
❝❧❛00❡0 ❛-❡
[(3, 3)] = {(3, 3), (3, 2), (3, 1), (1, 3), (2, 3)},
[(2, 2)] = {(2, 2), (2, 1)},
[(1, 2)] = {(1, 2), (1, 1)}.
❚❤✐0 -❡❧❛"✐♦♥ ❞♦❡0 ♥♦" 0❛"✐0❢② ✭❘❈❉✮✱ ❡✳❣✳✱ "❛❦❡ x = (1, 2)✱ y = (1, 3) ❛♥❞ c = (2, 2)✱
❛♥❞ "❤✉0 ✐" ❝❛♥♥♦" ❜❡ -❡♣-❡0❡♥"❡❞ ❜② ❛ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧ f = qµ(ϕ, . . . , ϕ)
✇❤❡-❡ µ ✐0 ♣♦00✐❜✐❧✐"② ♠❡❛0✉-❡✳ ❍♦✇❡✈❡-✱ ✇✐"❤ q(x1, x2) = (3 ∧ x1) ∨ (3 ∧ x2)✱ ❛♥❞
ϕ1 = {(3, 3), (2, 2), (1, 1)} ❛♥❞ ϕ2 = {(3, 3), (2, 1), (1, 1)}✱ ✇❡ ❤❛✈❡ "❤❛" - ✐0 -❡♣-❡0❡♥"❡❞
❜② "❤❡ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧ f(x1, x2) = q(ϕ1(x1), ϕ2(x2))✳
❉✉❛❧❧②✱ ✇❡ ❝❛♥ ❡❛0✐❧② ❝♦♥0"-✉❝" ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣-❡❢❡-❡♥❝❡ -❡❧❛"✐♦♥ -❡♣-❡0❡♥"❛❜❧❡ ✐♥
"❤❡ ♥❡❝❡00✐"② 0❡""✐♥❣ ♦❢ ▼❈❉▼✱ ❜✉" ♥♦" ✐♥ "❤❛" ♦❢ ❉▼❯✳
✺✳ ❈♦♥❝❧✉❞✐♥❣ )❡♠❛)❦. ❛♥❞ ♦♣❡♥ ♣)♦❜❧❡♠.
■♥ "❤❡ ♥✉♠❡-✐❝❛❧ 0❡""✐♥❣✱ ✉"✐❧✐"② ❢✉♥❝"✐♦♥0 ♣❧❛② ❛ ❝-✉❝✐❛❧ -♦❧❡ ✐♥ "❤❡ ❡①♣-❡00✐✈❡ ♣♦✇❡-
♦❢ "❤❡ ❡①♣❡❝"❡❞ ✉"✐❧✐"② ❛♣♣-♦❛❝❤✱ ✐♥"-♦❞✉❝✐♥❣ "❤❡ 0✉❜❥❡❝"✐✈❡ ♣❡-❝❡♣"✐♦♥ ♦❢ ✭-❡❛❧✲✈❛❧✉❡❞✮
❝♦♥0❡3✉❡♥❝❡0 ♦❢ ❛❝"0 ❛♥❞ ❡①♣-❡00✐♥❣ "❤❡ ❛""✐"✉❞❡ ♦❢ "❤❡ ❞❡❝✐0✐♦♥✲♠❛❦❡- ✐♥ "❤❡ ❢❛❝❡ ♦❢
✉♥❝❡-"❛✐♥"②✳ ■♥ "❤❡ 3✉❛❧✐"❛"✐✈❡ ❛♥❞ ✜♥✐"❡ 0❡""✐♥❣✱ "❤❡ ❧❛""❡- ♣♦✐♥" ✐0 "❛❦❡♥ ✐♥"♦ ❛❝❝♦✉♥"
❜② "❤❡ ❝❤♦✐❝❡ ♦❢ "❤❡ ♠♦♥♦"♦♥✐❝ 0❡"✲❢✉♥❝"✐♦♥ ✐♥ "❤❡ ❙✉❣❡♥♦ ✐♥"❡❣-❛❧ ❡①♣-❡00✐♦♥✳
❙♦ ♦♥❡ ♠✐❣❤" ❤❛✈❡ "❤♦✉❣❤" "❤❛" ❛ ❞✐-❡❝" ❛♣♣-❡❝✐❛"✐♦♥ ♦❢ ❝♦♥0❡3✉❡♥❝❡0 ✐0 ❡♥♦✉❣❤ "♦
❞❡0❝-✐❜❡ ❛ ❧❛-❣❡ ❝❧❛00 ♦❢ ♣-❡❢❡-❡♥❝❡ -❡❧❛"✐♦♥0✳ ❚❤✐0 ♣❛♣❡- 3✉❡0"✐♦♥0 "❤✐0 ❝❧❛✐♠ ❜② 0❤♦✇✐♥❣
"❤❛" ❡✈❡♥ ✐♥ "❤❡ ✜♥✐"❡ 3✉❛❧✐"❛"✐✈❡ 0❡""✐♥❣✱ "❤❡ ✉0❡ ♦❢ ❧♦❝❛❧ ✉"✐❧✐"② ❢✉♥❝"✐♦♥0 ✐♥❝-❡❛0❡0 "❤❡
❡①♣-❡00✐✈❡ ♣♦✇❡- ♦❢ ❙✉❣❡♥♦ ✐♥"❡❣-❛❧0✱ "❤✉0 ♣-♦✈✐♥❣ "❤❛" "❤❡ ❢-❛♠❡✇♦-❦ ♦❢ 3✉❛❧✐"❛"✐✈❡
▼❈❉▼ ✐0 ❢♦-♠❛❧❧② ♠♦-❡ ❣❡♥❡-❛❧ "❤❛" "❤❡ ♦♥❡ ♦❢ 0"❛"❡✲✐♥❞❡♣❡♥❞❡♥" 3✉❛❧✐"❛"✐✈❡ ❉▼❯✳
■♥ ❢❛❝"✱ "❤❡ 0❛♠❡ ❤♦❧❞0 ✐♥ "❤❡ ♠♦-❡ -❡0"-✐❝"✐✈❡ ❢-❛♠❡✇♦-❦0 ❞❡❛❧✐♥❣ ✇✐"❤ ♣♦00✐❜✐❧✐"② ❛♥❞
♥❡❝❡00✐"② ♠❡❛0✉-❡0✳
✻✳ ❆♣♣❡♥❞✐① ■✿ ❋❛❝6♦)✐③❛6✐♦♥ ♦❢ ❙✉❣❡♥♦ ✉6✐❧✐6② ❢✉♥❝6✐♦♥❛❧.
■♥ "❤✐0 ❛♣♣❡♥❞✐① ✇❡ -❡❝❛❧❧ "❤❡ ♣-♦❝❡❞✉-❡ ❣✐✈❡♥ ✐♥ ❬✶✻❪ "♦ ♦❜"❛✐♥ ❛❧❧ ♣♦00✐❜❧❡ ❢❛❝"♦-✲
✐③❛"✐♦♥0 ♦❢ ❛ ❣✐✈❡♥ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧ ✐♥"♦ ❛ ❝♦♠♣♦0✐"✐♦♥ ♦❢ ❛ ❙✉❣❡♥♦ ✐♥"❡❣-❛❧
✭♦-✱ ♠♦-❡ ❣❡♥❡-❛❧❧②✱ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥✮ ✇✐"❤ ❧♦❝❛❧ ✉"✐❧✐"② ❢✉♥❝"✐♦♥0✳ ◆♦"❡ "❤❛"
❚❤❡♦-❡♠ ✷✳✶✶ ♣-♦✈✐❞❡0 ❛ ❝❛♥♦♥✐❝❛❧ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ p0 "❤❛" ❝❛♥ ❜❡ ✉0❡❞ ✐♥ 0✉❝❤ ❛
❢❛❝"♦-✐③❛"✐♦♥✳
❋✐-0"✱ ✇❡ ♣-♦✈✐❞❡ ❛❧❧ ♣♦00✐❜❧❡ ✐♥♥❡- ❢✉♥❝"✐♦♥0 ϕk : Xk → Y ✇❤✐❝❤ ❝❛♥ ❜❡ ✉0❡❞ ✐♥ "❤❡
"❤❡ ❢❛❝"♦-✐③❛"✐♦♥ ♦❢ ❛♥② ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧✳ ❚♦ "❤✐0 ❡①"❡♥"✱ ✇❡ ♥❡❡❞ "♦ -❡❝❛❧❧ "❤❡
❜❛0✐❝ 0❡""✐♥❣ ♦❢ ❬✶✻❪✱ ❛♥❞ ✐♥ ✇❤❛" ❢♦❧❧♦✇0 ✇❡ "❛❦❡ ❛❞✈❛♥"❛❣❡ ♦❢ ❇✐-❦❤♦✛✬0 ❘❡♣-❡0❡♥"❛"✐♦♥
❚❤❡♦-❡♠ ❬✶❪ "♦ ❡♠❜❡❞ Y ✐♥"♦ P (U)✱ "❤❡ ♣♦✇❡- 0❡" ♦❢ ❛ ✜♥✐"❡ 0❡" U ✳ ■❞❡♥"✐❢②✐♥❣ Y ✇✐"❤
✐"0 ✐♠❛❣❡ ✉♥❞❡- "❤✐0 ❡♠❜❡❞❞✐♥❣✱ ✇❡ ✇✐❧❧ ❝♦♥0✐❞❡- Y ❛0 ❛ 0✉❜❧❛""✐❝❡ ♦❢ P (U) ✇✐"❤ 0 = ∅
❛♥❞ 1 = U ✳ ❚❤❡ ❝♦♠♣❧❡♠❡♥" ♦❢ ❛ 0❡" S ∈ P (U) ✇✐❧❧ ❜❡ ❞❡♥♦"❡❞ ❜② S✳ ❙✐♥❝❡ Y ✐0 ❝❧♦0❡❞
✉♥❞❡- ✐♥"❡-0❡❝"✐♦♥0✱ ✐" ✐♥❞✉❝❡0 ❛ ❝❧♦0✉-❡ ♦♣❡-❛"♦- cl ♦♥ U ✱ ❛♥❞ 0✐♥❝❡ Y ✐0 ❝❧♦0❡❞ ✉♥❞❡-
✉♥✐♦♥0✱ ✐" ❛❧0♦ ✐♥❞✉❝❡0 ❛ ❞✉❛❧ ❝❧♦0✉-❡ ♦♣❡-❛"♦- int ✭❛❧0♦ ❦♥♦✇♥ ❛0 ✏✐♥"❡-✐♦- ♦♣❡-❛"♦-✑✮✿
cl (S) :=
∧
y∈Y
y≥S
y, int (S) :=
∨
y∈Y
y≤S
y.
✭❘❡❝❛❧❧ "❤❛" Y ✐0 "❤♦✉❣❤" ♦❢ ❛0 ❛ 0✉❜❧❛""✐❝❡ ♦❢ P (U)✳
◆♦✇ ❣✐✈❡♥ ❛♥ ♦-❞❡-✲♣-❡0❡-✈✐♥❣ ❢✉♥❝"✐♦♥ f : X → Y ✱ ✇❡ ❞❡✜♥❡ ❢♦- ❡❛❝❤ k ∈ [n] "✇♦
❛✉①✐❧✐❛-② ❢✉♥❝"✐♦♥0 Φ−k ,Φ
+
k : Xk → Y ❛0 ❢♦❧❧♦✇0✿
✭✶✷✮ Φ−k (ak) :=
∨
xk=ak
cl
(
f (x) ∧ f (x0k)
)
✱ Φ+k (ak) :=
∧
xk=ak
int
(
f (x) ∨ f (x1k)
)
.
❙✐♥❝❡ f ✐0 ♦-❞❡-✲♣-❡0❡-✈✐♥❣✱ ❜♦"❤ Φ−k ❛♥❞ Φ
+
k ❛-❡ ❛❧0♦ ♦-❞❡-✲♣-❡0❡-✈✐♥❣✳
❲✐"❤ "❤❡ ❤❡❧♣ ♦❢ "❤❡)❡ "✇♦ ♠❛♣♣✐♥❣)✱ ✇❡ ❝❛♥ ❞❡"❡2♠✐♥❡❞ ❛❧❧ ♣♦))✐❜❧❡ ❧♦❝❛❧ ✉"✐❧✐"②
❢✉♥❝"✐♦♥) ϕi : Xi → Y ✱ i ∈ [n]✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉)❡❞ "♦ ❢❛❝"♦2✐③❡ ❛ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧
f : X→ Y ❛) ❛ ❝♦♠♣♦)✐"✐♦♥
f(x) = p(ϕ1(x1), . . . , ϕn(xn)),
✇❤❡2❡ p : Y n → Y ✐) ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥✳
❚❤❡♦$❡♠ ✻✳✶ ✭■♥ ❬✶✻❪✮✳ ❋♦" ❛♥② ♦"❞❡"✲♣"❡*❡"✈✐♥❣ ❢✉♥❝1✐♦♥ f : X → Y ❛♥❞ ♦"❞❡"✲
♣"❡*❡"✈✐♥❣ ♠❛♣♣✐♥❣* ϕk : Xk → Y (k ∈ [n])✱ 1❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐1✐♦♥* ❛"❡ ❡7✉✐✈❛❧❡♥1✿
✭✶✮ Φ−k ≤ ϕk ≤ Φ
+
k ❤♦❧❞* ❢♦" ❛❧❧ k ∈ [n]❀
✭✷✮ f (x) = p0 (ϕ (x))❀
✭✸✮ 1❤❡"❡ ❡①✐*1* ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝1✐♦♥ p : Y n → Y *✉❝❤ 1❤❛1 f (x) = p (ϕ (x))✳
■♥ ♣❛2"✐❝✉❧❛2✱ Φ−k ❛♥❞ Φ
+
k ❛2❡ "❤❡ ♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧✱ 2❡)♣❡❝"✐✈❡❧②✱ ❧♦❝❛❧ ✉"✐❧✐"②
❢✉♥❝"✐♦♥) ✭✇✳2✳"✳ "❤❡ ✉)✉❛❧ ♣♦✐♥"✇✐)❡ ♦2❞❡2✐♥❣ ♦❢ ❢✉♥❝"✐♦♥)✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉)❡❞ "♦
❢❛❝"♦2✐③❡ ❛ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧✳ ▼♦2❡♦✈❡2✱ ✇❡ ❤❛✈❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦2♦❧❧❛2②✳
❈♦$♦❧❧❛$② ✻✳✷✳ ❆♥ ♦"❞❡"✲♣"❡*❡"✈✐♥❣ ❢✉♥❝1✐♦♥ f : X→ Y ✐* ❛ ❙✉❣❡♥♦ ✉1✐❧✐1② ❢✉♥❝1✐♦♥❛❧
✐❢ ❛♥❞ ♦♥❧② ✐❢
✭✶✸✮ Φ−k ≤ Φ
+
k ✱ ❢♦" ❛❧❧ k ∈ [n] .
❆) ♠❡♥"✐♦♥❡❞✱ p0 ❝❛♥ ❜❡ ✉)❡❞ ✐♥ ❛♥② ❢❛❝"♦2✐③❛"✐♦♥ ♦❢ ❛ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧✱ ❜✉"
"❤❡2❡ ♠❛② ❜❡ ♦"❤❡2 )✉✐"❛❜❧❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥)✳ ❚♦ ✜♥❞ ❛❧❧ )✉❝❤ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥)✱
❧❡" ✉) ✜① ❧♦❝❛❧ ✉"✐❧✐"② ❢✉♥❝"✐♦♥) ϕk : Xk → Y (k ∈ [n])✱ )✉❝❤ "❤❛" Φ
−
k ≤ ϕk ≤ Φ
+
k ❢♦2
❡❛❝❤ k ∈ [n]✳ ❚♦ )✐♠♣❧✐❢② ♥♦"❛"✐♦♥✱ ❧❡" ak = ϕk (0) , bk = ϕk (1)✱ ❛♥❞ ❢♦2 ❡❛❝❤ I ⊆ [n]
❧❡" 1I ∈ Y
n
❜❡ "❤❡ n✲"✉♣❧❡ ✇❤♦)❡ i✲"❤ ❝♦♠♣♦♥❡♥" ✐) ai ✐❢ i /∈ I ❛♥❞ bi ✐❢ i ∈ I✳ ■❢
p : Y n → Y ✐) ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ )✉❝❤ "❤❛" f (x) = p (ϕ (x))✱ "❤❡♥
✭✶✹✮ p (1I) = f
(
1̂I
)
❢♦2 ❛❧❧ I ⊆ [n] ✱
)✐♥❝❡ 1I = ϕ
(
1̂I
)
✸
✳ ❆) )❤♦✇♥ ✐♥ ❬✶✻❪✱ ✭✶✹✮ ✐) ♥♦" ♦♥❧② ♥❡❝❡))❛2② ❜✉" ❛❧)♦ )✉✣❝✐❡♥" "♦
❡)"❛❜❧✐)❤ "❤❡ ❢❛❝"♦2✐③❛"✐♦♥ f (x) = p (ϕ (x))✳
❚♦ ♠❛❦❡ "❤✐) ❞❡)❝2✐♣"✐♦♥ ❡①♣❧✐❝✐"✱ ❧❡" ✉) ❞❡✜♥❡ "❤❡ ❢♦❧❧♦✇✐♥❣ "✇♦ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥)
✜2)" ♣2❡)❡♥"❡❞ ✐♥ ❬✶✼❪✱ ♥❛♠❡❧②✱
p− (y) =
∨
I⊆[n]
(
c−I ∧
∧
i∈I
yi
)
✱ ✇❤❡2❡ c−I = cl
(
f
(
1̂I
)
∧
∧
i/∈I
ai
)
,
❛♥❞
p+ (y) =
∨
I⊆[n]
(
c+I ∧
∧
i∈I
yi
)
✱ ✇❤❡2❡ c+I = int
(
f
(
1̂I
)
∨
∨
i∈I
bi
)
.
❆) ✐" "✉2♥❡❞ ♦✉"✱ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝"✐♦♥ p ✐) ❛ )♦❧✉"✐♦♥ ♦❢ ✭✶✹✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ p− ≤ p ≤ p+✳
❙✐♥❝❡✱ ❜② ❚❤❡♦2❡♠ ✷✳✶✱ p ✐) ✉♥✐M✉❡❧② ❞❡"❡2♠✐♥❡❞ ❜② ✐") ✈❛❧✉❡) ♦♥ "❤❡ "✉♣❧❡) 1I ✱ "❤✐) ✐)
❡M✉✐✈❛❧❡♥" "♦
c−I = p
− (1I) ≤ p (1I) ≤ p
+ (1I) = c
+
I ❢♦2 ❛❧❧ I ⊆ [n] .
❚❤❡)❡ ♦❜)❡2✈❛"✐♦♥) ❛2❡ 2❡❛))❡♠❜❧❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ "❤❡♦2❡♠ ✇❤✐❝❤ ♣2♦✈✐❞❡) "❤❡ ❞❡✲
)❝2✐♣"✐♦♥ ♦❢ ❛❧❧ ♣♦))✐❜❧❡ ❢❛❝"♦2✐③❛"✐♦♥) ♦❢ ❙✉❣❡♥♦ ✉"✐❧✐"② ❢✉♥❝"✐♦♥❛❧)✳
❚❤❡♦$❡♠ ✻✳✸ ✭■♥ ❬✶✻❪✮✳ ▲❡1 f : X → Y ❜❡ ❛♥ ♦"❞❡"✲♣"❡*❡"✈✐♥❣ ❢✉♥❝1✐♦♥✱ ❢♦" ❡❛❝❤
k ∈ [n] ❧❡1 ϕk : Xk → Y ❜❡ ❛ ❧♦❝❛❧ ✉1✐❧✐1② ❢✉♥❝1✐♦♥✱ ❛♥❞ ❧❡1 p : Y
n → Y ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧
❢✉♥❝1✐♦♥✳ ❚❤❡♥ f (x) = p (ϕ (x)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ Φ−k ≤ ϕk ≤ Φ
+
k ❢♦" ❡❛❝❤ k ∈ [n]✱ ❛♥❞
p− ≤ p ≤ p+✳
✸
❘❡❝❛❧❧ %❤❛% 1̂I ❞❡♥♦%❡* %❤❡ ❝❤❛+❛❝%❡+✐*%✐❝ ✈❡❝%♦+ ♦❢ I ⊆ [n] ✐♥ X✱ ✐✳❡✳✱ 1̂I ∈ X ✐* %❤❡ n✲%✉♣❧❡ ✇❤♦*❡
i✲%❤ ❝♦♠♣♦♥❡♥% ✐* 1Xi ✐❢ i ∈ I✱ ❛♥❞ 0Xi ♦%❤❡+✇✐*❡✳
✼✳ ❆♣♣❡♥❞✐① ■■✿ )*♦♦❢ ♦❢ ❚❤❡♦*❡♠ ✷✳✶✷
❆# ❜❡❢♦(❡✱ Y ❝❛♥ ❜❡ -❤♦✉❣❤- ♦❢ ❛# ❛ #✉❜❧❛--✐❝❡ ♦❢ P (U) ❢♦( #♦♠❡ ✜♥✐-❡ #❡- U ✳ ■♥
❢❛❝-✱ U ❝❛♥ ❜❡ ❝❤♦#❡♥ ❛# U = [m] = {1, 2, . . . ,m}✱ ❛♥❞ Y = {[0] , [1] , . . . , [m]}✱ ✇❤❡(❡
[0] = ∅✳ ■♥ -❤✐# ❝❛#❡ -❤❡ -✇♦ ♦♣❡(❛-♦(# ❣✐✈❡♥ ✐♥ -❤❡ ❆♣♣❡♥❞✐① ■✱ ❜❡❝♦♠❡ (❛-❤❡( #✐♠♣❧❡✿
❢♦( ❡✈❡(② S ⊆ U ✱ ✇❡ ❤❛✈❡
cl (S) = [maxS] , int (S) =
[
minS − 1
]
.
▲❡- ✉# ♥♦✇ ❝♦♥#✐❞❡( ❛♥ ♦(❞❡(✲♣(❡#❡(✈✐♥❣ ❢✉♥❝-✐♦♥ f : X → Y ✳ ❚❤❡♥ f
(
x0k
)
=
[u] , f (x) = [v] , f
(
x1k
)
= [w] ✇✐-❤ u ≤ v ≤ w✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡
f (x) ∧ f (x0k) = {u+ 1, . . . , v} ,
f (x) ∨ f (x1k) = {1, . . . , v, w + 1, . . . ,m} .
❚❤❡(❡❢♦(❡ -❤❡ -❡(♠# ✐♥ -❤❡ ❞❡✜♥✐-✐♦♥ ♦❢ Φ−k ❛♥❞ Φ
+
k ❝❛♥ ❜❡ ❞❡-❡(♠✐♥❡❞ ❛# ❢♦❧❧♦✇#✿
cl
(
f (x) ∧ f (x0k)
)
=
{
f (x) , ✐❢ f
(
x0k
)
< f (x) ;
∅, ✐❢ f
(
x0k
)
= f (x) ;
✭✶✺✮
int
(
f (x) ∨ f (x1k)
)
=
{
f (x) , ✐❢ f
(
x1k
)
> f (x) ;
U, ✐❢ f
(
x1k
)
= f (x) .
✭✶✻✮
❇② ♠❛❦✐♥❣ ✉#❡ ♦❢ -❤❡#❡ ♦❜#❡(✈❛-✐♦♥# ✇❡ ❝❛♥ ♥♦✇ ♣(♦✈❡ ❚❤❡♦(❡♠ ✷✳✶✷✿
❚❤❡♦$❡♠ ✼✳✶ ✭■♥ ❬✶✻❪✮✳ ❆ ❢✉♥❝%✐♦♥ f : X → Y ✐( ❛ ❙✉❣❡♥♦ ✉%✐❧✐%② ❢✉♥❝%✐♦♥❛❧ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐% ✐( ♦0❞❡0✲♣0❡(❡0✈✐♥❣ ❛♥❞ (❛%✐(✜❡(
✭✶✼✮ f
(
x0k
)
< f (xak) ❛♥❞ f (y
a
k) < f
(
y1k
)
=⇒ f (xak) ≤ f (y
a
k)
❢♦0 ❛❧❧ x,y ∈ X ❛♥❞ k ∈ [n]✱ a ∈ Xk✳
70♦♦❢✳ ❙✉♣♣♦#❡ ✜(#- -❤❛- f ✐# ❛ ❙✉❣❡♥♦ ✉-✐❧✐-② ❢✉♥❝-✐♦♥❛❧✳ ❆# ♦❜#❡(✈❡❞✱ f ✐# ♦(❞❡(✲
♣(❡#❡(✈✐♥❣✱ ❛♥❞ -❤✉# ✇❡ ♦♥❧② ♥❡❡❞ -♦ ✈❡(✐❢② -❤❛- ✭✶✼✮ ❤♦❧❞#✳ ❋♦( ❛ ❝♦♥-(❛❞✐❝-✐♦♥✱
#✉♣♣♦#❡ -❤❛- -❤❡(❡ ✐# k ∈ [n] #✉❝❤ -❤❛- ❢♦( #♦♠❡ a ∈ Xk ❛♥❞ x,y ∈ X✱ ✇❡ ❤❛✈❡
f
(
x0k
)
< f (xak) ❛♥❞ f (y
a
k) < f
(
y1k
)
✱ ❜✉- f (xak) > f (y
a
k)✳ ❚❤❡♥
cl
(
f (xak) ∧ f (x
0
k)
)
> int
(
f (yak) ∨ f (y
1
k)
)
,
❛♥❞ -❤✉# Φ−k (a) > Φ
+
k (a)✳ ❚❤✐# ❝♦♥-(❛❞✐❝-# ❈♦(♦❧❧❛(② ✻✳✷ ❛# f ✐# ❛ ❙✉❣❡♥♦ ✉-✐❧✐-②
❢✉♥❝-✐♦♥❛❧✳ ❍❡♥❝❡ ❜♦-❤ ❝♦♥❞✐-✐♦♥# ❛(❡ ♥❡❝❡##❛(②✳
❚♦ #❡❡ -❤❛- -❤❡#❡ ❝♦♥❞✐-✐♦♥# ❛(❡ ❛❧#♦ #✉✣❝✐❡♥-✱ #✉♣♣♦#❡ -❤❛- f ✐# ♦(❞❡(✲♣(❡#❡(✈✐♥❣
❛♥❞ #❛-✐#✜❡# ✭✶✼✮✳ ❚❤❡♥✱ ❢♦( ❡✈❡(② k ∈ [n]✱ a ∈ Xk✱ ❛♥❞ ❡✈❡(② x,y ∈ X✱
cl
(
f (xak) ∧ f (x
0
k)
)
≤ int
(
f (yak) ∨ f (y
1
k)
)
.
❚❤✉#✱ ❢♦( ❡✈❡(② k ∈ [n]✱ ✇❡ ❤❛✈❡ Φ−k ≤ Φ
+
k ❛♥❞✱ ❜② ❈♦(♦❧❧❛(② ✻✳✷✱ f ✐# ❛ ❙✉❣❡♥♦ ✉-✐❧-②
❢✉♥❝-✐♦♥✳ 
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